Community Enforcement
beyond the Prisoner’s Dilemma

Joyee Deb Julio Gonalez-Oaz

New York University University of Santiago de Compostela

PRELIMINARY (April 2010)

Abstract

We study two-player games played by two communities in amibefy repeated
anonymous random matching setting. It is well-known thdkis setting, for the pris-
oner’'s dilemma (PD), cooperation can be sustained in déguitn through grim trigger
strategies also called “contagion” or “community enforeati. However, contagion
does not work in general. Little is known about cooperatingames beyond the PD
in this setting with minimal information transmission. hig paper we show that co-
operation can indeed be sustained in the anonymous randaahingasetting, in a
broad class of games beyond the PD.
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1 Introduction

We study infinitely repeated matching games where, in everipg, players from two com-
munities are randomly and anonymously matched to each tipday a two-player game.
A common interpretation of such a setting is a large marketretpeople are matched
with strangers to engage in bilateral trades in which they aw in good faith or cheat.
An interesting question is whether players can achieve@@pe outcomes in anonymous
transactions. What payoffs of the stage-game can be achieeguilibrium in the repeated
random matching game?

The seminal papers by Kandori (1992) and Ellison (1994) dubtliat in this setting,
for the Prisoner’s Dilemma (PD), cooperation can be susthby grim trigger strategies,
also known as “community enforcement” or “contagion”. e D, if a player ever faces a
defection, she punishes all future rivals by switching ttedton forever. By starting to de-
fect, she spreads the information that someone has defeltbeddefection action spreads
throughout the population, and cooperation eventuallgkseown completely. The cred-
ible threat of such a breakdown of cooperation can deteleptafyom defecting in the first
place. However, these arguments rely critically on progerof the PD, in particular on
the existence of a Nash equilibrium in strictly dominanatdgies. The argument does
not work in general. In an arbitrary game, on facing a dewrafor the first time, players
may not have the incentive to punish, because punishing atmidwer future continua-
tion payoffs and entail a short-term loss in that period him®D, the punishment action is
dominant and so gives a current gain even if it lowers coatilon payoffs.

An open question is whether cooperation can be sustainbdigdtting for games other
than the PD, with minimal transmission of information, ahib tis the central question of
this paper. We show that it is indeed possible to sustairnge leange of payoffs in equilib-
rium in a wide range of games beyond the PD, provided the camtras are large enough
and all players are sufficiently patient. Cooperation carsiisained in any two-player
game with a strict Nash equilibrium and where there is onmgirofile in which only
one player has an incentive to deviate. In particular, wavsthat the idea of community
enforcement can still be used to sustain cooperation idibgum.

To the best of our knowledge, this is the first paper to sustagperation in a random
matching game beyond the PD, without adding any extra indtional assumptions. Some
papers that go beyond the PD introduce verifiable informagioout past play to sustain
cooperation. For instance, Kandori (1992) assumes theéeaxis of a mechanism that



assigns labels to players based on their history of playydtawho have deviated or
have seen a deviation can be distinguished from those wheaty by their labels. This
naturally enables transmission of information and codpmraan be sustained in a specific
class of game.More recently, Deb (2008) obtains a general folk theoremafgr game
by just adding unverifiable information (cheap talk).

Another important feature of our construction is that ountgigies are fairly sim-
ple. Unlike recent work on repeated games with imperfectabei monitoring (Ely and
Valimaki, 2002; Piccione, 2002; Ely et al., 2005; Horaed Olszewski, 2006) and, more
specifically, in repeated random matching games (Takah2686v; Deb, 2008), our equi-
librium does not rely on belief-free ideas. In particuldgyers have strict incentives on
and off the equilibrium path. Further, unlike most of thes¢ixig literature, our strategies
are robust to changes in the discount factor.

Our methodological contribution lies in that we work exflicwith players’ beliefs.
We hope that the methods we use to study the evolution offbelid be of independent
interest, and can be applied in other contexts.

The paper is organized as follows. Section 2 contains theshranttl the main result.
In Section 3, we illustrate the result with a particular gathe product choice game. This
section is useful in understanding the strategies and thgion behind the result. Section
4 contains the formal equilibrium construction and proaf. section 5, we discuss the
generality of our result and potential extensions.

2 Cooperation Beyond the PD

2.1 The Setting

There areM players, divided in two communities witlf players each. In each period
{1,2,...}, players are randomly matched into pairs with each playemf€Community 1
facing a player from Community 2. The matching is anonymodgpendent and uniform
over time? After being matched, each pair of players plays a finite stgayaeG. Players
observe the actions and payoffs in their match. Then a newhim&t occurs in the next
period.

IFor related approaches see Okuno-Fujiwara and Postle(#8i#5), Takahashi (2007), Dal B6 (2007),
and Hasker (2007).

2Although the assumption of uniform matching greatly sirfigdi the calculations, we expect our results
to hold for other matching technologies, in particular gnokse to the uniform one.
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Players can observe only the transactions they are pehg@majaged inj.e., each
player knows the history of action profiles played in eachisfstage-games in the past. A
player does not ever observe the identity of his opponenthEy he gets no information
about how other players have been matched or about the acimsen by any other pair
of players. All players have discount factdre (0, 1) and their payoffs in the infinitely
repeated random matching game are the normalized sum ofdbeudted payoffs from
the stage-games. No public randomization device is ass(@sation 5 has a discussion of
what can be gained with a randomization device). The saludancept used is sequential
equilibrium (allowing for both pure and mixed strategies).

2.2 The Main Result

Our main objective is to establish that, in the anonymousl@anmatching setting, it is
feasible to sustain a wide range of equilibrium payoffs ireagyal class of games.
We define first, a particular class of games.

¢ Class of Games:We define?, a class of finite two-player games with two properties:

P1. One-sided IncentivesThere exists a pure action profilé;, a,) in which only
one player has an incentive to deviate.

P2. Strict Nash equilibrium There exists a strict Nash equilibrium.?

Givenagame i € ¢, the associated repeated random matching game, with coiti@sun
each of size\/ and discount factof is denoted by},
We also define a set of payoffs for any stage-game.

e Achievable PayoffsLet G be a game and let* € A. Let A, := {a € A : a; =
a; <= ay = ak}. DefineF,. := conv{u(a):a € Ap-}N{v e R?: v > u(a*)}.

The main result of this paper says that given a géine the class of gameg defined
above, with strict Nash equilibriuw, it is indeed possible for players to achieve any pay-
off in F,- in equilibrium in the corresponding infinitely repeateddam matching game
GM | if the communities are large enough and players are sufflgipatient.

3A Nash equilibrium is strict if each player has a unique besponse to his rival’s strategies (Harsanyi
(1973)). By definition, a strict equilibrium is a pure stiggeequilibrium.



Theorem 1. Let G be a game ir¢ with a strict Nash equilibriuna*. There exists// € N
such that, given any payoff profite € F,., anye > 0, and anyM > M, there exists
d € (0,1) such that, there is a strategy profile in the repeated randatthing game=}/
that constitutes a sequential equilibrium for eakch [, 1) with payoff withine of v.

Earlier literature (Kandori (1992), Ellison (1994)) edisbes feasibility results for pris-
oner’s dilemma games. The class of gareis a bigger class of games, and in particular
includes the PD. To get a better understanding, it will béuige point out the games that
are not included in it¥ excludes what we call aligned interests games.

Definition 1. A two-player game= is agame of aligned interestsf at any action profile,
a player has an incentive to deviate if and only if his opporaso has an incentive to
deviate. e.g. Battle of the Sexes and Chicken are alignedgistis games.

In fact, games ir¢ are generic in the class of non-aligned interests gamesanptire
strategy Nash equilibrium.

Note that the set of achievable payoffs includes payofftrarily close to efficiency
for the prisoner’s dilemma. In general, our strategies dauffice to get a folk theorem for
games in¢g. However, we conjecture that it may be possible to obtain shNhareats folk
theorem for games i¥ with some modifications to our strategies. The interestadee
may refer to Section 5.1 for a discussion.

A noteworthy feature of our equilibrium is that the straesgare robust to changes
in the discount factor. In other words, if our strategiesstitnte an equilibrium for a
given discount factor, they do so for any higher discountoiaas well. This is in contrast
with existing literature. In games with private monitorjrsgrategies have to be fine-tuned
based on the discount factor. In Ellison (1994), the seyvefitpunishments depends on
the discount factor. Moreover, unlike Ellison (1994), werdid need a common discount
factor. We just need all players to be sufficiently patient.

Another feature of our equilibrium is that the continuatjoayoff is withine of the
target equilibrium payoft, not just in the initial period, but throughout the game oa th
equilibrium path; in this sense, cooperation is sustairged durable phenomenon, which
constrasts with the results for reputation models wheres\eryd, there exists a time after
which cooperation collapses (see Cripps et al. (2004)).

It is worthwhile to explain the role of the community sizesTiheorem 1. Contrary
to intuition, having a large population is helpful in our etruction. However, the result



should not be viewed as a limiting resultid; it turns out that in most games, fairly small
community sizes suffice to sustain cooperation.
How is cooperation sustained? Below, we describe the it strategies.

2.3 Equilibrium Strategies

Consider any two-player stage-gafie= ¢, with strict Nash equilibriuna*. Let (a4, as)
denote a pure action profile in which only one player has aeritiee to deviate. Without
loss of generality, suppose only player 1 wants to deviatéati,). In particular, leta,
be player 1’'s most profitable deviation frofi,, ). Let the target equilibrium payoff be
v € F,«. In what follows, we maintain the convention that playérand?2 of the stage-
game belong to Community 1 and 2 respectively. Also, hemttefavhen we refer to the
Nash action, we mean the strict Nash equilibrium action |erefi. We now construct
the strategies that sustainin equilibrium. As in the product choice game example, we
divide the game into three phases (Figure 2). Phases | ame thust-buildingphases and
Phase lll is thearget payoffphase.

Equilibrium play: Phase I: During the firstI’ periods, action profiléa,, a,) is played. In
every period in this phase, players from Community 1 haveoatstin incentive to
deviate, but those from Community 2 do n&thase II: During the next’ periods,
players play(ai, as), an action profile where players from Community 1 play their
Nash action and players from Community 2 do not play theit besponst In
every period in this phase, players from Community 2 haveoatstin incentive to

deviate. Phase llI: For the rest of the game, the players play a sequence of pure

action profiles that approximates target payoff

Off Equilibrium play: A player can be in one of two moodsininfectedand infected
with the latter mood being irreversible. At the start of treerge all players are un-
infected. We classify off equilibrium play into two types aftions. Any deviation
by player2 in Phase | is called aon-triggeringaction. Any other action that is off
equilibrium is atriggering action. A player who has observed a triggering action is
in the infected mood. Now, we specify off-path behavior. Annfiected player con-
tinues to play as if on-path (i.e. if a player from Communitgtiserves a deviation

4Player 2’s actiom, can be any action other thaj in the stage-game.



in Phase |, he ignores the deviation, and continues to pldyaspath.). An infected
player acts as follows.

e A player who gets infected after facing a triggering actiatshes to his Nash
action forever either from the beginning of Phase Il or immataly from the
next period, whichever is later. In other words, any plaggEommunity 2 who
faces a triggering action in Phase | switches to her Nasbra¢tirever from
the start of Phase Il, playing as if on-path in the meantimenlayer: facing
a triggering action at any other stage of the game immegiateitches to the
Nash action forever.

e A player who gets infected by playing a triggering action &&if henceforth
best responds to the strategies of the other players (tloBasin particular,
that for large enougH’, a player from Community 1 who deviates in the first
period will continue to deviate until the end of Phase I, ahent switch to
playing the Nash action forever).

We show in this paper that the above strategies constitigguesitial equilibrium. The
general proof of Theorem 1 follows in Section 4. First we prgdsan example in some
detail in the next section. We use the product choice game asository tool that will
illustrate clearly how the equilibrium works. We hope theston will provide the reader
with the main intuition behind the proof.

3 An lllustration: The Product Choice Game

Consider the following simultaneous move game between arand a seller.

Buyer
By By,
Seller Qg 1,1 —l,1—c¢
Qr|1+g,—I 0,0

Figure 1: The product-choice game.

Suppose this game is played by a communityMéfbuyers and a community af/
sellers in the repeated anonymous random matching seltirgach period, every seller is



randomly matched with a buyer. After being matched, eachays the product-choice
game above (Figure 1), where> 0, ¢ > 0, and! > 0.°> The seller can exert either
high effort () or low effort (Q;) in the production of his output. The buyer, without
observing the choice of the seller, can either buy a higbegrproduct B) or a low-price
product (B;). The buyer prefers the high-priced product if the sellex éxerted high effort
and prefers the low-priced product if the seller has not. tRerseller, exerting low effort
is a dominant action. The efficient outcome of this game iss#iker exerting high effort
and the buyer buying the high-priced product, while the Negilibrium is (Q, By).
We denote a product-choice gamebly, [, ¢c). The infinitely repeated random matching
game associated with the product-choice gdie [, ¢), with discount parametet and
communities of sizél/ is denoted by"'¥ (g, 1, c). We will show that it is indeed possible
for players to achieve a payoff arbitrarily close(to 1) in equilibrium.

Notice that the product choice game belongs to the classméga defined in Section
2. It represents a minimal departure from the PD. If we repthe payoffl — cwith 1+ ¢
we get the standard PD. However, even with this small depaftom the PD, cooperation
can not be sustained in equilibrium using the standard giggéer strategies (also called
“contagion” or “community enforcement”). The main diffitylin sustaining cooperation
through community enforcement is that it is hard to providgdys with the incentive to
punish deviations. Proposition 1 shows that a straighthotvadaptation of the contagion
strategies as in Ellison (1994) to support cooperation@&RbB does not work.

3.1 A negative result

Proposition 1. LetI'(g, [, c) be a product-choice game with< 1. Then, there i/ € N
such that, for each\/ > M, regardless of the discount factér the repeated random
matching gamé'¥ (g, [, ¢) has no sequential equilibrium in whidl) 7, By) is played in
every period on the equilibrium path, and in which playerayplhe Nash action off the
equilibrium path.

Proof. Suppose there exists an equilibrium in whi¢hy, By ) is played in every period
on the equilibrium path, and in which players play the Nagtoaoff the equilibrium path.

Suppose a seller deviates in period 1. We argue below that lioryer who observes this
deviation, it will not be optimal to switch to the Nash actipermanently from period 2. In

5A more detailed discussion of this game within the contexepieated games can be found in Mailath
and Samuelson (2006).



particular, we show that playing in period 2 followed by switching t@s; from period 3
onwards gives the buyer a higher payoff. The buyer who olesetlve deviation knows
that, in period 2, with probability% she will face a different seller who will plag) ;.
Consider the short-run and long-run incentives of this buye

Short-run: The buyer’s payoff in period 2 from playingy is ﬁ(—l) + % Her payoff
if she switches tdB;, is -1 (1—c). Hence, ifM is large enough, she has no short-run
incentive to switch to the Nash action.

Long-run: With probability % the buyer will meet the deviant seller (who is already
playing ;) in period 2. In this case, her action will not affect thisleg$ future
behavior, and so her continuation payoff will be the samangigss of her action.

With probability % the buyer will meet a different seller. Note that, sirice

¢ > 0, a buyer always prefers to face a seller playipg. So, regardless of the
buyer’s strategy, the larger the number of sellers who hieady switched ta);,,
the lower is her continuation payoff. Hence, playiBg in period 2 will give her
a lower continuation payoff than playing;, because actio®; will make a new
seller switch permanently Q.. O

Since there is no short-run or long-run incentive to switclhie Nash action in period 2,
the buyer will not start punishing. Therefore, playif@y, By ) in every period on path,
and playing the Nash action off path does not constitute aesgal equilibrium.

While standard community enforcement does not work, we dheauvit is is still pos-
sible to sustain cooperation in the product choice gamegusie strategies described in
Section 2.3. We divide the game into three phases (see Fjur®hases | and Il are
trust-buildingphases and Phase lll is tterget payoffphase.

Phase | ~ Phasell Phase Il

T T+T
| | | .00

I — | - |

T T

Figure 2: Different phases of the strategy profiles.

Equilibrium play: Phase I: During the firstl” periods, the players play), By). Phase Il:
During the nextl” periods, the players pla¥) ., By). Phase llI: For the rest of the
game, the players play the efficient action profig;, By).
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Off Equilibrium play: A player can be in one of two moodsininfectedand infected
with the latter mood being irreversible. At the start of tteerge all players are un-
infected. ActionB;, in Phase | is anon-triggeringaction. Any other action that is
off equilibrium is atriggering action. A player who has observed a triggering action
is in the infected mood. An uninfected player continues tyms if on-path. An
infected player acts as follows.

A player who gets infected after facing a triggering actiontshes to his Nash
action forever from the beginning of Phase Il or immediatetm the next
period, whichever is later. A player facing a triggeringactat any other stage
of the game immediately switches to the Nash action forever.

A player who gets infected by playing a triggering action batfi henceforth best
responds to the strategies of the other players.

Note that a profitable deviation by a player is punishedrqdtely) by the whole com-
munity of players, with the punishment action spreading bk epidemic. We refer to the
spread of punishments as contagion.

The difference between our strategies and standard conté&gg, Ellison (1994) and
Kandori (1992)) is that here, the game starts with two thuskding phases. In Phase I,
sellers build credibility by not deviating even though tHegve a short-run incentive to
do so. The situation is reversed in Phase Il, where buyetd bredibility (and reward
sellers for not deviating in Phase I), by not playiBg even though they have a short-run
incentive to do so. A deviation by a seller in Phase | is notighued in the seller’s trust-
building phase, but is punished as soon as the phase is avelary, if a buyer deviates in
her trust-building phase, she effectively faces punistiroane the trust-building phase is
over. Unlike the results for the PD, where the equilibrialzaised on trigger strategies, we
have delayed trigger strategies. In Phase lll, deviatiomsediately trigger Nash reversion.

Clearly, the payoff from the strategy profile above will beitarily close to the effi-
cient payoff(1, 1) for ¢ large enough. We need to establish that the strategy profilstic
tutes a sequential equilibrium of the repeated random rirgafamel’y (g, I, ) when M
is large enough]” and7 are appropriately chosen, afids close enough to 1.



3.2 Optimality of Strategies: Intuition

The incentives on-path are quite straightforward. Any sham profitable deviation will
eventually trigger Nash reversion that will spread and cedrontinuation payoffs. Hence,
given M, T, andT, for sufficiently patient players, the future loss in confition payoff
will outweigh any current gain from deviation.

Establishing sequential rationality of the strategiespafth is the challenge. Below, we
consider some key histories that may arise and argue whytridtegies are optimal after
these histories. We start with two observations.

First, a seller who deviates to make a short-term gain atelgenbing of the game will
find it optimal to revert to the Nash action immediately. Alselvho deviates in period 1
knows that, regardless of his choice of actions, from pefiozh, at least one buyer will
start playing Nash and then, from peri@t+ 7" on, contagion will spread exponentially
fast. Thus, his continuation payoff aftér+ 7" will be quite low regardless of what he does
in the remainder of Phase |. So,Iifis large enough, no matter how patient this seller is,
the best thing he can do after deviating in period 1 is to dt@yNash action forevér.

Second, the optimal action of a player after he observegg@ering action depends on
the beliefs that he has about how the contagion has spresabiglr To see why, think of
a buyer who observes a triggering action during, say, PiHade Nash reversion optimal
for her? If she believes that there are few people infecteeh playing the Nash action
may not be optimal. With high probability she will face a selplayingy and playing
the Nash action will entail a loss in that period. Moreovée s likely to infect her oppo-
nent, hastening the contagion and lowering her own contimug@ayoff. The situation is
different if she believes that almost everybody is infedal playing Nash). Then, there
is a short-run gain by playing the Nash action in this peribtbreover, the effect on the
contagion process and the continuation payoff will be mgigle. Since the optimal action
for a player after observing a triggering action dependshenbieliefs he has about “how
spread the contagion is”, we need to define a system of balmef€heck if Nash reversion
is optimal after getting infected, given these beliefs.

We define beliefs as follows. If a player observes a triggeaation, he thinks that
some seller deviated in period 1 and contagion has beendipgesince then (if an unin-
fected player observes a non-triggering action, then hethirsks that the opponent made
a mistake and that no one is infected).

6Clearly, the best thing he can do in Phase Il is to play the NMasbn, as he was supposed to do on-path.
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These beliefs, along with the fact that a deviant seller p¥dly the Nash action forever,
imply that any player who observes a triggering action thitiiat, since contagion has been
spreading from the start of the game, almost everybody naw& ot infected by the end
of Phase I. This makes Nash reversion optimal for him afterethd of Phase I. To gain
some insight, consider the following histories.

e Suppose | am a buyer who gets infected in Phase llthink that a seller deviated
in the first period and that he will continue infecting buyémoughout Phase I. i/
is large, in each of the remaining periods of Phase |, theghitiby of meeting the
same seller again is low; so | prefer to plBy; during Phase | (since all other sellers
are playingQx). Yet, if T is large enough, once Phase | is over | will think that, with
high probability, every buyer is now infected. Nash revanghereafter is optimal.

It may happen that after | get infected | obse€ygin most (possibly all) periods of
Phase I. Then, I think that | met the deviant seller repewgtedtid so not all buyers
are infected. However, it turns out thatiifis large enough I will still revert to Nash
play. Since | expect my continuation payoff to drop aftes 7 anyway, fori large
enough, | prefer to play the myopic best reply in Phase II, &kensome short-term
gains (similar to the argument for a seller’s best reply itlegiates in period 1).

e Suppose | am a seller who faceB;, in Phase |.(Non-triggering actions) Since such
actions are never profitable (on-path or off-path), aftexesbing such an action | will
think it was a mistake and that no one is infected. Then, iptgwal to ignore it. The
deviating player knows this, and so it is also optimal for lnignore it.

e Suppose | am a player who gets infected in Phase I, or shorthafter period
T + T'. | know that contagion has been spreading since the firstghelBiot, the fact
that I was uninfected so far may indicate to me that possibtysa many people were
infected. We show that if" is large enough and@ >> 7', | will still think that, with
high probability, | was just lucky not to have been infectedar, but that everybody
is infected now. This makes Nash reversion optimal.

e Suppose | get infected late in the game, at period > T 4+ T. If t > T + T,
it is not possible to rely any more on how lar@eis to characterize my beliefs.
However, for this and other related histories late in the gaitrturns out that | will
still believe that “enough” people are infected and alrepldying the Nash action,
so that playing the Nash action is also optimal for me.
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3.3 ChoosingM, 7,7, and§

It is useful to clarify how the different parameters are @t construct the equilibrium.
First, given a game, we findl/ so that i) a buyer who is infected in Phase | does not revert
to the Nash action before Phase Il and ii) players who areiafevery late in the game
believe that enough people are infected for Nash reversibe bptimal. Then, we choose
T sothat, in Phase II, any infected buyer will find it optimatéwert the Nash action (even

if she observed);, in all periods of Phase I). Then, we pidk with 7 >> T, so that the
players infected in Phase Il or early in Phase Ill believé étimost everybody is infected.
Further? must be large enough so that a seller who deviates in periddys the Nash
action ever after. Finally, we pick large enough so that players do not deviate on the
equilibrium path’

The role of the discount fact@rrequires further explanation. Clearly, a higldeters
players from deviating from cooperation. However, a higllso makes players want to
slow down the contagion. Then, why is it that very patienypta are willing to spread the
contagion after getting infected? A key observation is tilewing. Fix A/ and consider a
perfectly patient playew(= 1). Once this player gets infected he knows that, at some point
the contagion will start spreading exponentially and theeexed payoffs in future periods
will converge to0 exponentially fast. There is an upper bound on the undigeausum
of future gains any player can make by slowing down the coatagnce it has started.
Think of an infected player who is deciding whether to reverthe Nash action or not
when the strategy asks to do so. In our construction, twagthoan happen. First, this
player believes that so many people are already infectadrégardless of his action, his
continuation payoff is already guaranteed to be very lovthis case, he is willing to play
the Nash action and at least avoid a short-run loss. Seduisghlayer does not believe that
many people are infected. But he still knows that in Phaski$licontinuation payoff will
drop exponentially fast and, in our construction, we ensuaiethere are enough periods in
the immediate future when playing the Nash action will giira la short-run gain. In this
case, he is again willing to play the Nash, as the immediatetshin gain outweighs the
future loss in continuation payoff.

In the next section, we formalize the intuition above, anespnt the formal proof for
a general gamé&’ € ¢4. Some readers may prefer to skip the proof and go to Section 5,
where we discuss the generality and robustness of our nstiit.re

’Note thats must also be large enough so that the payoff achieved iniequih is close enough tfl, 1).
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4 Proof of the Main Result

We will show below that the strategy profile described in Bec.3 constitutes a sequen-
tial equilibrium of the repeated random matching ga@jé when M is large enoughy’
andT are appropriately chosen, afids close enough to 1.

Notice that if we compare the general game to our examplegbtbduct choice game,
a player in Community 1 in a general game4nis like the seller who is the only player
with an incentive to deviate in Phase |, and a player in Comiy@nis like the buyer who
has no incentive to deviate in Phase | but has an incentiveu@i in Phase Il. For the
sake of clarity, for the rest of this section, we often reteplayers from Community 1 as
sellers and players from Community 2 as buyers.

4.1 Incentives on-path

The incentives on-path are straightforward, and so we dmifdarmal proof. The logic is
that if players are sufficiently patient, on-path deviati@an be deterred by the threat of
eventual Nash reversion. It is easy to see thaf i§ large enough, the most “profitable”
on-path deviation is that of a player in Community 1 (a s¢iteperiod 1. GivenV/, 7' and

T, the discount factof can be chosen close enoughttm deter such deviations.

4.2 System of beliefs

We make the following assumptions on the system of beliefdayfers. Beliefs are updated
as usual using Bayes rule.

i) Assumption1: If a player observes a triggering action, then this playdebes that
some player in Community 1 (a seller) deviated in the firstqueof the game, and
after that, play has proceeded as prescribed by the stategi

This requirement on beliefs may seem extreme. However,dbential assumption
is that players regard earlier deviations as more likelgab¢ refer to Section 5.3 for
a detailed discussion of this assumption.

i) Assumption2: If a player observes a non-triggering action, then this@idglieves
that his opponent made a mistake.

13



iii) Assumption 3: If a player observes a history that is not consistent withegibf the
above beliefsérroneous history he will think that a seller deviated in the first period
of the game, and further, one or more of his opponents in hieematches made a
mistaké. Indeed, this player will think that there have been as maisyakes by his
past rivals as needed to explain the history at FaBdroneous histories include the
following:

e A player observes an action in Phase Il or Ill, that is neitent of the strict
Nash profilea*, nor the action that is supposed to be played in equilibrium.

e A player who, after being certain that all the players in ttleeocommunity are
infected, faces an opponent who does not play the Nash aghimncan only
happen in Phase III).

We refer the reader to the Appendix for the proof of the cdasisy of these beliefs.

4.2.1 Modeling Beliefs with Contagion Matrices

So far, we have not formally described the structure of agaypeliefs. The payoff rele-
vant feature of a player’s beliefs is the number of peopledie¥es is currently infected.
Accordingly, we let a vector! ¢ R denote the beliefs of playérabout the number of
infected people in the other community at the end of petjotherez! denotes the prob-
ability he assigns to exactly people being infected in the other community. To illustrate
when player observes the first triggering action, Assumptidmpliesz! = (1,0, .. .,0).
In some abuse of notation, when it is known that a player assigorobability to more
thank opponents being infected, we work with ¢ R*. We say a belief* ¢ RF first-
order stochastically dominatesbeliefy! if 2! assigns higher probability to more people
being infectedi.e, for eachl € {1,...,k}, 3. 2t > 327 4. LetZ' denote the random
variable representing the number of infected people in thera&community at the end of
periodt. Let k' denote the eventipeople in the other community are infected by the end
of periodt”, i.e., k' andZ’ = k denote the same event.

As we will see below, the beliefs of players after differergtbries evolve according
to simple Markov processes, and so can be studied using ao@jgte transition matrix

8This assumption on beliefs is not crucial. We use it to enshae beliefs are specified fully (after all
possible histories).

9For the formation of a player's beliefs after erroneousdrtiss, we assume that infected players are
infinitely more likely to make mistakes than uninfected ey Hence, if a player observes an erroneous
history, he will think that a seller deviated in period 1 andreover other players have made mistakes.
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and an initial belief. We define below a useful class of masiccontagion matrices
Given a population sizé/, a contagion matriX_' is anM x M matrix that represents the
transitions between beliefs after a given history. The eletm,; of a contagion matrix
C denotes the probability that the stateritvals infected” transitions to the statg fivals
infected”. Formally, if we letM . denote the set df x k& matrices with real entries, we say
that a matrixC' € M, is a contagion matrix if it has the following properties:

i) All the entries ofC' belong to[0, 1] (represent probabilities).
i) C'is upper triangular (being infected is irreversible).

iii) All diagonal entries are strictly positive (with somegiability, infected people meet
other infected people and contagion does not spread in tihentyperiod).

iv) For eachi > 1, ¢;_1; is strictly positive (With some probability, exactly onewe
person gets infected in the current period, unless evegylsoalready infected.).

A useful technical property is that, since contagion masiare upper triangular, their
eigenvalues correspond to the diagonal entries. GivenR”, let ||z|| := 3",c(y 4, @i
We will often be interested in the limit behaviorﬁ%', whereC'is a contagion matrix and
x is a probability vector. Given a matri, let Cjy denote the matrix derived by removing
the last/ rows and columns frond’. Similarly, Cy, is the matrix derived by removing the
first k rows and columns andy, ; by doing both operations simultaneously.

4.3 Incentives off-path

To prove sequential rationality we need to examine incestof players after all possible
off-path histories, given the beliefs. This is the hearths proof and the exposition pro-
ceeds as follows. We classify all possible off-path histef a playel based on when
player: observed off-path behavior for the first time.

e Given the beliefs described above, it will be important tetfecharacterize the best
response of a seller who deviates in the first period of theegam

e Next, we consider histories where playebserves a triggering action (gets infected)
for the first time in the Target Play Phase (Phase III).
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e We then consider histories where playasbserves a triggering action for the first
time during one of the two Trust-Building Phases.

o Finally, we discuss non-triggering actions.

We need some extra notation. Denoteferiod private history for a playerby A'.
At any time period, we denote hy(good behavior) the action an uninfected player would
choose. Leb (bad behavior) denote any other action. In other wakadsuld be an action
an infected player would choose, or any triggering actiar.example, if playef observes
at-period historyh! followed by three periods of good behavior and then one pgesfdrad
behavior, we represent this Bygggb. For any playet, let g, denote the event “player
1 observedy in periodt”, and letU* denote the event “playeris uninfected at the end
of periodt¢”. In an abuse of notation, the history of a player is writtaniting his own
actions. In most of the paper, we discuss beliefs from thetpadiview of a fixed playet,
and so often refer to playeiin the first person.

4.3.1 Computing off-path beliefs

Since we work with off-path beliefs of players, it is usefal ¢larify at the outset, our
approach to computing beliefs. As an example, considerdahenfing history. | am on-
path until periodt > T + 7', when | observe a triggering action followed by on-path
behavior at period+1, i.e, At = gg. .. gbg. Itis easy to see that, after peridth 17"+ 2,
the number of infected people will be the same in both comtrami So it suffices to
compute beliefs about the number of people infected in treé community. These beliefs
are represented hyt! € RM, Wherexfjrl is the probability of exactly: people being
infected after period + 1, and must be computed using Baye’s rule and conditioning on
my private history. What is the information | have after bigth'*'? | know a seller
deviated at period 1, so' = (1,0,...,0). | also know that, after any periad< ¢, | was
not infected U*). Moreover, since | got infected at periodat least one player in the rival
community got infected in the same period. Finally, sincadefd an uninfected player at
t + 1, at mostM — 2 people were infected after any perioet ¢ (Z8 < M — 2).

To computez’™! we compute a series of intermediate beliefsfor t < ¢ + 1. We
computez? from x! by conditioning onU? andZ? < M — 2, then we compute? from
22 and so on. Note that, to computé, we do not use the information that “I did not
get infected at any periogl < ¢t < t”. So, at each < ¢, 2! represents my beliefs when |
condition on the fact that the contagion started at periaadithat no matching that leads to
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more than\/ — 2 people being infected could have been realiZeflut differently, at each
period, | compute my beliefs by eliminating (assigning zprobability to) the matchings

| know could not have taken place. At a given perioé ¢, the information that “I did not
get infected at any period with 7 < ¢ < " is not used. This extra information is added
period by periodi.e., only at period we add the information coming from the fact that “I
was not infected at period. In Section A.2 in the Appendix we show that this method
of computingz'*! generates the required belief®,, beliefs at period + 1 conditioning
on the entire history. Now we are equipped to check the ofitynaf the equilibrium
strategies.

4.3.2 A seller deviates at beginning of the game

The strategies specify that a player who gets infected byatieg to a triggering action

henceforth plays his best response to the strategies otllee players. As we argued for
the product choice game, it is easy to show that for a givenif 7" is large enough, a

seller who deviates from equilibrium actian in period 1 will find it optimal to continue

deviating and playing, until the end of Phase 1 (to maximize short-run gains), aed th
will switch to playing the Nash forever.

4.3.3 A player gets infected in Phase Il

Case 1: Infection at the start of Phase Ill.Let h7+7+! denote a history in which I am a
player who gets infected in peridl + 7" + 1. The equilibrium strategies prescribe that |
switch to the Nash action forever. For this to be optimal, ktrhelieve that enough players
in the other community are already infected. My beliefs aeben what | know about how
contagion spreads in Phase | after a seller deviates ingpgrim Phase I, only one deviant
seller is infecting buyers. (Recall that buyers cannotagpreontagion in Phase 1.) The
contagion then is a Markov process with state sgdce. ., M }, where a state represents
the number of infected buyers. The transition matrijs € M, where a staté transits
to k£ + 1 if the deviant seller meets an uninfected buyer, which habatility % With
the remaining probability,e., % statek remains at state. When no confusion arises, we
omit subscriptM in matrix Sy,. Let si; be the probability that statetransitions to statg.
Then,

10The updating after periotis different, since | know that | was infectedzznd that no more thah/ — 1
people could possibly be infected in the other communithatend of period.
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The transition matrix represents how the contagion is exgpkto spread. To compute
my current beliefs, | must also condition on the informafimm my own history. Consider
any periodt < T. After observing historya7+7+1 = ¢... gb, | know that at the end of
periodt + 1 at mostM — 1 buyers were infected and | was not infected. Therefore, to
computex!™!, my intermediate beliefs about the number of buyers who Wweested at
the end of period + 1 (i.e., aboutZ**1), | need to condition on the following:

i) My beliefs aboutZ’: z*.

i) I was uninfected at the end of+ 1: the eventU/**! (this is irrelevant if | am a seller,
since sellers cannot get infected in Phase 1).

iii) At most M — 1 buyers were infected by the end of peribd- 1: 70! < M — 1
(otherwise | could not have been uninfected at the start aseHl).

Therefore, giverl < M, if | am a buyer, the probability that exactlybuyers are
infected after period + 1, conditional on the above information, is given by:

PIAH N UHT NI < M — 1|2t
P(UHINTHL < M — 1]at)
x;—lsl_lleM——l_-i-ll + xfsl’l

M—1 ( ; M-l t '
= (Tl sy + @isi)

P(lt+1 |Ilft N Ut+1 ﬂIt+1 S M — 1) —

The expression for seller would be analogous, but withoatﬂ}ﬁl%l factors. Notice
that we can express the transition frafnto 2! using what we call theonditional tran-
sition matrix Since we already know thaf,, = ' = 0, we can just work iR -1,
Let C' € My, be defined, for each pair{ € {1,...,M — 1}, by ¢y := skl%; with the
remaining entries being

Recall thatCy; and.S;; denote the matrices obtained frathand .S by removing the
last row and the last column of each. So, the truncated matr@onditional transitional
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probabilitiesC’y; is as follows:

1 M—-1M=-2
M M M-1 0 0
2 M-2M-3

0 M M M-2 0

Cy = ' :

M—=2 21
0 M M3
1—1
0 0 0 0 0 5

My beliefs are such that! = (1,...,0), since the deviant seller infected one buyer at

period 1. So, if | am a buyer;*! can be computed as

i 0y 2O

Izt Cyll - fl2* Cy I

The expression for a seller would be analogous, Withinstead ofC’;;. Hence, | can
compute my beliefs about the situation at the end of Phase | by

21T -1

1] H
——— if am a buyer,
[Earekia

xlsjll .
4 if | am a seller.

letsT L)

Lemma 1. Fix M. Thenlim; - (0,...,0,1).

The intuition for the above lemma is as follows. Note thatldrgest diagonal entry in
the matrixC) (or Sy)) is the last one. This means that the state- 1 is more stable than
any other state. Consequently, as more periods of contaipapse in Phase |, stalé — 1
becomes more and more likely. The formal proof is a stragylthrd consequence of some
of the properties of contagion matrices (see Propositidnit\the Appendix).

Proposition 2. Fix 7" and M. If | observe historyz'”TJrl — ¢...gbandT is large enough,
then it is sequentially rational for me to play the Nash actit periodI” + 7" + 2.

Proof. Suppose | am a buyer. Since sellers always play the Nasmaetithase Il, | cannot
learn anything from play in Phase II. By Lemma 17ifis large enough, | assign very high
probability toM — 1 players in my own community being infected at the end of Phase
Then, at least as many sellers got infected during Phaskekaktly M — 1 buyers were
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infected by the end of Phase I, then the only uninfectecesatiust have got infected in
periodT + T + 1, since in this period | was the only uninfected buyer and | ameinfected
opponent. So, if is large enough, | assign probability arbitrarily closel tw all sellers
being infected by the end @f + 7" + 1. Hence, it is optimal to play my Nash actiak.

Next, suppose | am a seller. In this case, the fact that neplajected me in Phase II
will make me update my beliefs about how contagion has sprilasvever, if T is large
enough relative t@”, even if | factor in the information that | was not infectedRhase |1,
the probability | assign td/ — 1 buyers being infected by the end of Phase | is arbitrarily
higher than the probability | assign toplayers being infected for anly< M — 1. By the
same argument as above, playing Nash is optimal. O

Next, we considef7+7'+1+a)-period histories of the forh?+7+1+e = ¢ ghg o
g, With1 < a < M — 2, i.e,, histories where | was infected at periéd+ 7' + 1 and then |
observedy periods of good behavior while | was playing the Nash actkeor. the sake of
exposition, assume that | am a buyer (the arguments for er sgt analogous). Why are
these histories significant? Notice that if | get infectegh@miod?” + 7" + 1, | can believe
that all other players in my community are infected. Howevfeafter that, | observe an
action that can be played on equilibrium path, | have to eewiy beliefs, since it is not
possible that all the players in my community were infectiéergperiod?” + 7" + 1. Can
this alter my incentives to play the Nash action?

Supposer = 1. After historyh7+7+2 = ¢ ... gbg, | know that at mosf\/ — 2 buyers
were infected by the end of Phase . So, for eaghT’, =), = z%,_, = 0. My beliefs are no
longer computed using’, but rather withCy, which is derived by removing the last two
rows and columns af’. By a similar argument as Lemma 1, we can show tHae R 2
convergestdo, 0, ..., 1). In other words, the stat®¥/ — 2 is the most stable and, fatlarge
enough, I assign very high probability 3@ — 2 buyers being infected at the end of Phase I.
Consequently, at least as many sellers were infected detwage 1. This in turn implies
(just as in Proposition 2) that | believe that, with high pabbity, all players are infected
by now (att = 7'+ 7" + 2). To see why, note that in the worst case, exatfly- 2 sellers
were infected during Phase Il. In that case, one of the uciefesellers met an infected
buyer at period” + 7" + 1 and | infected the last one in the last period. So, | assign ver
high probability to everyone being infected by now, and wjgimal for me to play Nash.
A similar argument holds fof7 + 7 + 1 + a)-period histories withy € {1,..., M — 1}.
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We need not check incentives for Nash reversion after estavhere | observe more
than M — 2 periods ofg after being infected. These are erroneous histories. Tovhge
note that when | get infected at peridd+ 7" + 1, | believe that the minimum number of
people infected in each community is two (at least one papl@fers in period 1 and one
pair of players in period”+ 7"+ 1). Suppose after that, | fadel — 2 instances of. Since
| switched to Nash after being infected, | infected my oppusén the last\/ — 2 periods.
At the end ofM — 2 observations of, | am sure that even if there were only exactly two
players infected in each community at the endlof 7" + 1, | myself have infected all
the remaining uninfected people. So observing mpoedter that cannot be explained by
a single deviation in period 1. Then, | will believe that indétn to the first triggering
deviation by a seller in period 1, there have been as manykasty players as needed to
be consistent with the observed history.

Finally, consider histories where, after getting infecteabserve a sequence of actions
that includes botly andb, i.e., histories starting withZ+1+1 = g ...gband where | faced
b in one or more periods after getting infected. After suchdmiss, | will assign higher
probability to more people being infected compared to hissowhere | only observed
after getting infected. The intuition is that observingeconfirms my belief that contagion
is widely spread. Thus, it is optimal for me to play the Nastoacafter any such history.

We have thus shown that a player who observes a triggerimgnaict the first time at
the start of Phase Il will find it optimal to revert permangro the Nash action.

Case 2: Infection late in Phase Ill.Next, suppose | get infected after observing history
At = g.. . gb, with# > T + T. Now we need to study the contagion during Phase lIL.
From periodl” + 7" + 2 on, the same number of people is infected in both communities
The contagion can again be studied as a Markov process waith space1,..., M}. In
contrast to Phase |, all infected players spread the camagiPhase lll.

The new transition matrix i$ € M,,;. For each paik,! € {1,...,M},if k> 1lor
[ > 2k, §;; = 0; otherwisej.e., if £ <[ < 2k, (see Figure 3)

C((ReE =R R - (K)2((M — k)12
SR M1 (= H)2k — DM — DIMI

Consider any such thaf'+7 < t < %. If | observe histonyh't = ¢. .. gb, | know that
“at mostM — 1 people could have been infected in the rival community aetieof period
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Community 1 (Sellers) Community 2 (Buyers)

(2k —1)!
K Already infected
] (5 (L) -
il _
() (455 a - o TNewly infected
M-k Still uninfected
(M —1)!

Figure 3:Spread of Contagion in Phase Ill. There afé possible matchings. For stateo transit

to statel, exactly(! — k) infected people from each community must mget &) uninfected people
from the other community. The number of ways of choosing #d¢t— k) buyers fromk infected
ones who will spread the contagion(i#jk). The number of ways of choosing the corresponding

(1—k) uninfected sellers who will get infected (§',*), and the number of ways in which these sets
of (I — k) people can be matched is the total number of permutatiohs-df people,i.e., (I — k)!.
Analogously, we choose thg — k) infected sellers who will be matched o — &) uninfected
buyers. The number of ways in which the remaining infectgtegiand sellers get matched to each
other is(2k — 1)!, and the uninfected ones is(i3/ — )!.

t" (I < M — 1) and “I was not infected”[{?). As before, leti’ be my intermediate
beliefs after period. We want to compute the belief*!, but first we studyif ast — oo.
Our limit results do not depend on the specific beliefs at thet & Phase Il (as long as
:%?T“ > 0, which is always true). Since, for ea¢h< ¢, &%, = 0, we can just work
with ¢ € RM~1. As before, we want to compute(/'t! |zt N U Nt < M — 1) for
le{l,....M —1}.

P(lt—i-l N Ut—i—l mz’t—i—l S M — 1) |:1:nt)
P(Ut-i—l N Zt+1 S M — 1) |§7t)

ta M-l
Zke{l,...,M} LSkl p—x

P(lt—i-l |i,tﬁUt+1 mz‘t—i—l S M—l) —

216{1,...71\4—2} (Zke{17,,,,M} xﬁkl%) .
These conditional transition probabilities can be exmésa matrix form. LetC' e
My be defined, for each pait I € {1,..., M —1}, by ¢y := 8, 27—; with the remaining
entries being. Then, my intermediate beliefs &t- 1 are given by

it Cy

[2¢ Cyl

st+1
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We show next that a result similar to Lemma 1 holds.
Lemma 2. FixT € N, T € N,andM € N. Thenlim;_... ' = (0,0,...,0,1) € RM-1,

The lemma follows from properties of contagion matrice® (Beoposition A.1 in the
Appendix for the proof). The informal argument is as followse largest diagonal entries
of the matrixC‘lJ are the first and last one&,{ and¢y,_1 a/—1), Which are equal. Unlike in
the Phase | transition matrix, staté — 1 is not the unique most stable state. Here, states
1 andM — 1 are equally stable, and more stable than any other state.d&bgliefs then
converge t0(0,0,...,0,1)? In each period, many states transit\tbo— 1 with positive
probability, while no state transits to state 1, and so thie %’% goes toxo ast increases.
So, late in the game, | assign arbitrarily high probabilﬁ;staieM — 1.

Proposition 3. Fix 7" € N, T € N, and M e N. If | observe historyy’™! = ¢...¢b and

t is large enough, then it is sequentially rational for me taypthe Nash action at period
t+ 2.

Proof. By Lemma 2, ift is large enoughi’ is such that | assign very high probability
to M — 1 players in the other community being infected by the end oioge. Now, to
computez*t! from 7, | add the information that | got infected &t 1 and hence, the only
uninfected person in the other community got infected too, r®w | assign very high
probability to everyone being infected. Then, Nash rewers optimal. O

Suppose now that | obserii&™ = ¢. .. gbg and that | played the Nash action at period
t + 2. Then, | will know that less that/ — 1) people were infected at the end of period
t since, otherwise, | could not have facedn period¢ + 2. In other words, | have to
recompute my beliefs using the information that, for each ¢, 78 < M — 2. | should
now use the truncated transition matfizg. Since, for each any< ¢, 7%, = @, ; =0, to
obtainz! we just work withi* € RM~2, Now we have

~t A
A 2t Oy
L J

|2* Cy|
As before, we will study the limit behavior aft ast goes toco, and usei! to compute
beliefs att + 2. First, we show that’ indeed converges.

Lemma 3. For eachT € N, each?’ € N, and eachV/ € N, lim; ..., ' = Z, wherez is
the unique left eigenvector associated with the largestraiglue O@ZJ such that|z|| = 1.
Thatis,zCy = L.
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See Proposition A.1 in the Appendix for a proof. Note that iatmx C‘QJ, the largest
diagonal entry is the first one. So, a result like Lemma 1 n@éorholds,i.e, = #
(0,...,0,1). However, we show that | will still believe that “enough” p#e are infected
with “high enough probability”.

Lemma 4. Letz = lim;_. ., 2%, wherez! denotes a player’s beliefs at the end of period
after he observes histoy*? = ¢...gbg. Letr € (0,1). Then, for eaclz > 0, there is
M € N such that, for eacd/ > M,

where|[z] is the ceiling function and is defined as the smallest integéismaller thar.
Indeed, for eachn € N, there isM < N such that, for eacld/ > M,

M—-2

The lemma can be interpreted as follows. Think-cds a proportion of people, say
0.9. If the population size is large enough, after observingonysh*? = ¢...gbg, my
limiting belief z will be such that | will assign probability at leagt — <) to at leasb0% of
the population being infected. We can choossose enough ta@ ands small enough and
then findM € N large enough so that | believe that the contagion has spreadyb that
playing Nash action is optimal.

Figure 4 below represents the probabilit@éj\f[fm z; for different values of- and
M. In particular, it shows that they go to one very fast with From the results in this
section it will follow that, after any history in which | hay®een infected late in Phase llI,
| will believe that the contagion is at least as spread axlicates. For instance, consider
M = 20. Now z is such that | believe that with probability at le@st5, at leas90% of the
people are infected. This may be enough to induce the riglehitives for many games. In
general, the incentives will hold even for fairly small pégtion sizest!

In order to prove Lemma 4, we need to study more carefully fthesitions between
states. There are two opposing forces that affect how myfisedivolve after | observe

1The non-monotonicity in the graphs in Figure 4 may be suinmisTo the best of our understanding, this
can be essentially attributed to the fact that the statdsatieapowers of 2 tend to be more likely and their
distribution within the top\/ — [r M| states varies in a non-monotone way.
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Figure 4: lllustration of Lemma 4.

g ...gbg. First, each observation gfsuggests to me that not too many people are infected,
making me step back in my beliefs and assign higher weightwei states (less people
infected). On the other hand, since | believe that the caooestarted at = 1 and that it
has been spreading exponentially during Phase lll, evagpseld period makes me assign
more weight to higher states (believe more people are ef@ctWWhat we need to do is to
compare the magnitudes of these two effects. Two main oagens drive the proof. First,
each time | observe, my beliefs get updated with more weight assigned to lowatiest
and, roughly speaking, this step back in beliefs turns obetof the order of\/. Second,
we identify the the most likely transition from any giventsta. It turns out the likeliest
transition fromk, say statet’, is abouty/M times as likely as the stafe Similarly, the
most likely transition from¥/, say state”, is v/M times as likely as the staté. Hence,
given a proportion of peoplec (0, 1), itis easy to see that, if/ is large enough, for each
statek < rM, we can find another statethat is at leasil/? times more likely than state
k. So the second effect on the beliefs is of an orde¥/df which dominates the first one.
We need some preliminaries before we formally prove Lemnietall that

) M—k (KD2((M — k)1)? M—k—j

(Colters = Suaets 35 = Gk — 0N — )00 M~ F

Given a state&k € {1,..., M — 2}, consider the transition frorh to state t(k) := k +
LWL where|z]| is the floor function defined as the largest integer not latigen -. It
turns out that, for largé/, this is a good approximation of the most likely transitioon
statek.

For analytical ease, we assume for now, that there is a cantirof statesi.e., let the

set of states be the intervl, M/]. We show later that the results also hold in the finite
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setting. In the continuous setting, a state [0, M|, can be represented as3/; where
r = z/M can be interpreted as the proportion of infected peopleate stLet o € R. We
define a functiory,,: [0,1] — R as

rM(M —rM)

T +a=r—-r)M+a.

fa(r) =

Note thatf,, is continuous and further that\/ + f,(r) would just be the extension of the
function tr(k) to the continuous case. We want to know how likely the trémsirom state
rtor + fo(r) is. Define a functiory: [0, 1] — [0,1] as

g(r) = 2r —r?
The functiong is continuous and strictly increasing. Givere [0, 1], g(r) represents the
proportion of infected people if, at statd/, f,(r) people get infected. To see why, note
thatr M + fo(r) = vM + (r — 7> )M = (2r — r?)M. Letg?(r) := g(g(r)) and define
analogously any other power gf Hence, for each € [0, 1], ¢"(r) represents the fraction
of people infected aftet steps starting at)/ when transitions are made according§o ).

Claim 1. Let M € Nanda,b € [0, 1], witha > b > 0. Then,aM + fo(a) > bM + f,(b).

Proof. Note thataM + fo(a) — bM — fo(b) = aM + MM ppp  SMMZDA)
2aM — a?M — 2bM + b*M = (g(a) — g(b))M. Sinceg(-) is strictly increasing ir{0, 1

the result follows.

~—

O

Now we define a function : (0,1) — (0, 00) as

(rM")2(M —rM)!)? M —rM — f,(r)
(fa(r)D2(rM — fo(rD(M —rM — fo(r)!M! M —rM ’

he' (1) =
This function is the continuous version of the transitioiveg by the matri>C2J. In partic-
ular, givena € R andr € [0, 1] the function2!(r) represents the conditional probability
of transition from state M to staterM + f,(r). In some abuse of notation, we apply the
factorial function to non-integer real numbers. In suctesathe factorial can be interpreted
as the corresponding Gamma functioa,, a! = I'(a + 1).

Claim 2. Leta € Randr € (0,1). Then,limy, .., MhM (r) = co. More precisely,

lim MhM(r) 1
i = )
M—oo /M 2T
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Proof. We prove the claim in two steps.

Step 1: a = 0. Stirling's formula implies thatim,, ... (e "n"*2/27)/n! = 1. Given
r e (0,1), to studyh?(r) in the limit, we use the approximationl = e "n"*2+/2n.
Substituting and simplifying, we get the following:

((rM)N*(((1 = r)M)1)? (1-1)
M\(r2 M) (((r — r2)M)1)2((1 — r)2M)!
M(TM)l—i-QrM((l _ 7A)A/M)1+2(1—r)M(1 _ 7,)
V2r MM (1 — )2 M) 200 M ((p — p2) M)z 0= )M (2 ) )5 +72M
VM
r2r

Step 2: Letae € Randr € (0,1). Now,

MhY(ry = M

RM(r) (M — a)!/(((r — ) )M + a))2((1 = 7r)?M —a)! (1 —7)°M

hM(r) (r2MON(((r = r2)M )2 ((1 —7)2M)! (1—7r)2M—a

«

Applying Stirling’s formula we get

2 2
(7”2M—Oé)%+r M-« ((T_T,2)M+a)1+2(r7'r2)]M+20< ((1_7,,)2M_a)%+(1*7') M-« (1—7”)2M (1)
RAEE (= My (e FRaP (-nEM =

To compute the limit of the above expressionlds— oo, we analyze the four fractions
above separately. Clearly,1 — r)>M)/((1 —r)*M — a) — 1 asM — oco. So, we restrict
attention to the first three fractions. Take the first one:

«
r2M

(r2M — a)%—‘erJ\/[—a B a

r2M 2 -
e~ U M — )T = Ay Ay Ay

)%.(1

wherelim,; .., A; = 1 andlim,;_., A, = e~“. Similarly, the second fraction decomposes
asB,-By- Bz, Wherelimy; .o, By = 1,limy; .o Bo = e**andBz = ((r—r?)M+a)**. The
third fraction can be decomposed@sCs-C's, wherelimy; o, C; = 1, limy;_ ., Co = =@
andCs = ((1 — r)?M — a)~“. The limit of expression (1) a&/ — oo reduces to

lim
M—oo

<(T2M<<—T ;)Z(iﬂfgzﬁ - oz))a =1 =

We are now ready to prove Lemma 4.

Proof of Lemma 4Fix r € (0,1) ande > 0. We show that there i3/ such that, for each
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M > M and each staté < [rM], there is a staté € {[rM],..., M — 2} such that
T > M?Z;. We show this first for statg, = [rM] — 1. Consider the stateM and let
7 := ¢°(r). Recall that" is the state reached (proportion of people infected) froitiain
stater M after 5 steps according to the functign Recall that functiong, andg are such
that,r < 7 < 1. Moreover, suppos@/ is large so thaFrM < M — 2. Consider the
statek, and letk be the number of infected people after 5 steps accordingntifon tr(-).
Clearly, for each of these steps, therevise (—1,0], with j € {1,...,5}, such that the
step corresponds with that of functigfy,. By Claim 1, sincek, < rM, E< M-—2.
Moreover, it is trivial to see that > [rM]. Letk; be the state that is reached after the
first step fromk, according to function tr). By Lemma 3,z = Mf(?zj. Then,z;,, =
MY M2 5 (Co)iky > Mgy (Coy iors = Tre MEM (r), which, if M is large enough, can
be approximated b@m%. Repeating the same argument for the other intermedidessta
that are reached in each of the five steps, we get that, i large enoughz; > M2zy,.
The proof for an arbitrary state < [rM| — 1 is very similar, with the only difference
that more steps might be needed to get to a state{[rM],..., M — 2}; yet, the extra
number of steps makes the difference betwgeandz; even bigget?

Letk € {[rM],...,M—2} be astate suchthat > M?max{7, : k € {1,...,[rM]-
1}. Then, >\ "' ™' 7, < rM % < L. Therefore, ifM is big enough: < « and we get
thaty % 2 > 1 —e.

The second part of the statement is now straightforward: tdker := ¢>"*3(r) and
repeat the argument above. O

Proposition 4. Fix a gamel'(g, [, ¢). FixT € Nand7 € Nand letf > T + 7. Suppose |
observe history'*2 = ¢ ... gbg. Then, ifM is large enough, it is sequentially rational for
me to play the Nash action at period- 3.

Proof. First, consider my belief$’ computed conditioning only the information that at
mostM — 2 people were infected after perio@nd that | was uninfected until period- 1.
From Lemma 3, if is large enoughi’ is very close tat. In particular, | believe that, with
probability at least — ¢, at least-M people are infected. We can ugeto compute my
beliefs at period + 2.

e After periodz + 1: | computeit*! by updatingi, conditioning ori) | observed in
periodi+1 andii) at mostM —1 people were infected aftés-1 (I observed; at+2).

12t js worth noting that we can do this argument uniformly foe wifferent states and the corresponding
o’s because we know that all of them lie insiglel, 0], a bounded interval; that is, we can take difebig
enough so as to ensure that we can use the approximationigiezgmma 2 for anyv in [—1, 0].
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Let z+! be the belief computed from¥ by conditioning instead on i) | observed
and ii) at mostA/ — 2 people are infected. Clearlyg/*! first order stochastically
dominatesi*t!, in the sense of placing higher probability on more peopliede
infected. Now, recall that the beligf is very close tac and, by definition, the belief
2 is even closer ta.

e After period? + 2: | computez’*? based on:*! and conditioning on i) | observed
g, ii) I infected my opponent by playing the Nash actiort at 2, and iii) at most\/
have been infected aftér+ 2. Again, this updating leads to beliefs that first order
stochastically dominate beliefs we would obtain if we iasteeonditioned on i) |
observed; and ii) at most)M/ — 2 people were infected aftér+ 2. Again, the belief
#+2 would be very close t@.

Hence, if it is optimal for me to play the Nash action when myidée are given byz,
it is also optimal to do so after observing the histafy? = ¢. .. gbg (providedt is large
enough). Lemma 4 ensures that)ifis large enough, the beliefscan be made as extreme
as desired (in the sense of many people being infected)riagstinat players have the
incentive to switch to Nash. O

As we did in Case 1, we still need to show that Nash reversioptisnal after histories
of the formh! '+ = ¢ ... gbg .. g. The intuition is as follows. Ifv is small, then | will
think that a lot of players were already infected when | gé¢dted; the argument being
similar to that in Proposition 4. H is large, | may learn that there were not so many players
infected when | got infected. However, the number of playenyself have infected since
then, together with the exponential spread of the contagidhbe enough to convince me
that, at the present period, contagion is widely spread agyw

To formalize the above intuition, we need the following sggthening of Lemma 4. We
omit the proof, as it involves a minor elaboration of the angmts in Lemma 4.

Lemma 5. Letr € (0, 1). Then, for eacls > 0, there arer € (r,1) and M € N such that,

for eachM > M,
| M—7M |
j=rm) i
M
1 - Ej:LM—fMJ—H Lj

>1—¢
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Indeed, for eacln € N, there isM € N such that, for eacid/ > M,

| M—#M]|
Zj:[rM] Lj 1
M > 1 - W.
1- Zj:LM—fMJ—i—l Lj

Proposition 5. Fix a gamel'(g,l,¢). FixT € NandT € N and letf > T + T. Let
o > 1. Suppose | observe histohjt'** = ¢...gbg .<. g. Then, ifM is large enough, it
is sequentially rational for me to play the Nash action atipér + 2 + «.

Proof. The proof is similar to that of Proposition 4. First, | knovattat mostM — o — 1
people were infected after periodThe new limit vectorz € R”~>~! must be computed
using matrixé(aH)J. If we definey := (Zy,...,Zy_q_1), itiS easy to see that = ﬁ

Second, consider the following scenario. Suppose that,itePhase lll, an infected
player believes that exactly two people were infected irheemmmunity, and then he
played the Nash action for multiple periods while observamdy ¢g. In each period he
infected a new person. At the same time. contagion continoiegphread exponentially.
If the number of periods in which the player infected peoplé&arge enough, Nash rever-
sion would be the best reply, irrespective of what he obseirvéhe meantime (he would
have infected enough people himself). k¢f\/) denote this number of periods. Since the
contagion spreads exponentially, the threshgldl/ ) is some logarithmic function aof/.
Hence, for eaclt € (0,1), there isM such that forM > M, #M > ¢(M). Now, given
e > 0, we can findr and M such that Lemma 5 holds. For the rest of the proof we work
with M > max{M, M}. There are two cases.

a < ¢(M): In this case, we can repeat the arguments in the proof ofdBitipn 4
to show that my beliefg‘+'+ first order stochastically dominate SincerM > ¢(M),
| M —7M| < M — ¢(M). Now we rely on Lemma 5 to get the desired result.

a > ¢(M): In this case | played the Nash action ferperiods. By definition of
»(M), playing Nash is the unique best reply after observifig*e. O

Finally, we consider histories in which after getting irtlst, | observe actions that in-
clude bothy andb, i.e., histories starting witik'*' = ¢ ... gb and in which | have observed
b in one or more periods after getting infected. The reasoisitige same as Case 1. After
such histories, | will assign higher probability to more plobeing infected compared to
histories where | only observedafter getting infected.

Case 3: Infection in other periods of Phase IIl (“Monotonicity” of Beliefs). So far we

30



have shown that if a player is infected early in Phase I, fiekis that he was the last
player to be infected and that everybody is infected, makiagh reversion optimal. Also,
if a player is infected late in Phase Ill, he will believe tleatough players are already in-
fected, for it to be optimal to play the Nash action (with hmsit belief being given byr).
Next, we show that the belief of a player who is infected nayVate in Phase IIl will be
somewhere in between. The earlier a player gets infectetlasé®lll, the closer his belief
will be to (0,...,0,1) and, the later he gets infected, the closer his belief wilidoe

Proposition 6. Fix a gamel'(g, [, c). Fix T € N. There isM € N such that, for each
M > M, if T is large enough, then it is sequentially rational for me taypthe Nash
action after any history in which I get infected in Phase lII.

Proof. In Cases 1 and 2 we showed that if | get infected at the stati@$@Ill (atl'+7+1)
or late in Phase Il (at > T+ 7)), | will switch to the Nash action. What remains to be
shown is that the same is true if | get infected at some intdrate period in Phase Ill. We
prove this for histories in Phase Ill of the fofi™2 = g .. .. gbg. The proof can be extended
to include other histories just as in Cases 1 and 2. Recdllatlieenotes the limit belief
whent goes to infinity.

We want to compute my belief 2 after historyh*2 = ¢...gbg. We first compute
intermediate belief!, for t < t. TakeM such that Proposition 4 holds for alf > M.

Beliefs are computed using matii¥, in Phase |, and?ZJ in Phase Ill. We know (from
Case 1) that fofl” large enoughz”+7 € R¥-! is close to(0,...,0,1). Moreover, by
taking7” large enough, we also get thgh*7+! > 2747+ 5. gT+7+41 5  and, for
eachi > j, £?+T+1/ijf+f+1 > 7,/;. Using the properties of the contagion mati,
we can show that if we start Phase Il with such a belief”+! we also get that, for each
i > j,#l/#l > z;/z; (see Proposition A.2 in the Appendix). This means tHdirst order
stochastically dominates in the sense of placing higher probability on more peopiede
infected. Now, my beliefs need to be updated frohto z7+! and then fromi**! to 7+2.
We can use similar arguments as in Proposition 4 to showiftiafirst order stochastically
dominatestc. Hence, if it is sequentially rational for me to play the Nasiion when my
beliefs arez, it is also sequentially rational to do so when my belieffis?. O

Hence, we have established that if a player observes a tmgggction any time during
Phase I, it is sequentially rational for him to revert te thash action.
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4.3.4 A player observes a triggering action in Phases | or Il

It remains to check the incentives for a player who is inféadering the initial Trust-
Building Phases. We argued informally in Section 3.2 whyeta would find it optimal to
switch to the Nash action. We omit the formal proofs, as tigements are very similar to
those used for Case 1 above.

4.3.5 A player observes a non-triggering action

An uninfected player who observes a non-triggering actioovks that his opponent will
not get infected, and will continue to play as if on-path.c&ihe knows that contagion will
not start, clearly, the best thing to do is also to ignore dfffipath behavior.

4.4 ChoosingM, T, T, and§

We have shown thatif/, 7', 7', ands are chosen appropriately, the prescribed strategies are
sequentially rational. We show now that it is possible toad®these parameters to satisfy
all incentive constraints simultaneously. Fix any gathe ¢ with strict Nash equilibrium

a* and a target payoff € F-.

The first step is to choos&/ large enough so that incentive constraints in Phase Ili
are satisfiedi.e., a player who observes a triggering action late in Phaseelleves that
enough people are already infected so that Nash reversaptiisal.

There is one subtle issue. Ontg 7', andT” are chosen, we need players to be patient
enough § large) to prevent deviations on-path. But, we also need &zlclhat, a very
patient player does not want to slow down the contagion onbas started. We do this
below. The essence of the argument is in observing that, fixed population size, once
contagion has started, the expected future stage-gamépgpadown to the Nash payoff
u(a*) exponentially fast. That is, regardless of how an infectegigr plays in the future,
the undiscounted sum of possible future gains he can makie/eesto the payoff from Nash
reversion is bounded above. Thus, in some sense, even athepatient player becomes
effectively impatient.

Let m be the maximum possible gain any player can make by a uraladewriation
from any action profile of the stage-game. Léte the minimum loss that a player suffers
in the stage-game when he does not play his best responseriodis strict Nash action
a* (Recall that since* is a strict Nash equilibriund,> 0). Suppose we are in Phase Ill and
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take a playei who knows that the contagion has started. For the analysigsrsection,
we use the continuation payoffs of the Nash reversion gfyads the benchmark.

For any given continuation strategy of a playgietv(M ) denote playef’s (expected)
undiscounted sum of future gains relative to his payoff fithi Nash reversion strategy.
It is easy to see that()/) is finite. Playeri knows that contagion is spreading exponen-
tially and, hence, his payoff will drop to the Nash payeft:*) in the long run. In fact,
althoughv (M) increases withl/, since contagion spreads exponentially fa/) grows
at a slower rate than/.

Similarly, for any continuation strategy, and for eack (0, 1], letv(r, M) denote the
(expected) undiscounted sum of future gains playamn make from playing this continua-
tion strategy relative to the payoff from Nash reversionewhe is in Phase Il and knows
that at least M people are infected in each community. In the result belovskav that
v(r, M) is uniformly bounded or/.

Lemma 6. Fix a gameG € ¢. Letr > 1/2. Then, there i/ such that, for eaclr > r
and eachM € N, v(r, M) < U.

Proof. Let P(r, M) denote the probability of the following event: “[f- M| people are in-
fected at period, the number of infected people at periogl is, at Ieast(rMJr%M}
i.e, P(r, M) is the probability that at least half the uninfected peop@eigfected in the
present period, given thafl/ people are infected already. We claim tii4t, M) > 1.

SupposéeV/ is even andg people are infected at the start of perta@de. r = %). What
is the probability of at Ieasﬂf more people getting infected in this period? It is easy to
see from the contagion matrix, that there is a symmetry inrduesition probabilities of
different states. The probability of no one getting infelatethis period is the same as that
of no one remaining uninfected. The probability of one peiseing infected is the same as
that of only one person remaining uninfected. In generalbability of & < M /4 players
getting infected is the same as thatfoplayers remaining uninfected. This symmetry
implies immediately thaP (1, M) > 1.

It is easy to see that for > %, [rM] > &, and furtherP(r, M) > P(5,M) >
Thus, for each > 1 and eachM € N, P(r,M) > 1. Also, for any fixedr > 2,
limy, ., P(r, M) = 1; intuitively, if more than half the population is alreadyfented,
then the largerV/ is, the more unlikely it is that more than half of the uninéstpeople
remain uninfected. Hence, given> 1, there isp < i such that, for eac/ € N,

P(r,M) >1—p.

= N[
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Given any continuation strategy, we want to compute M). Note that if a player
meets an infected opponent, then not playing the Nash actimives a minimal loss of
1; and if he meets an uninfected opponent, his maximal gaativel to playing the Nash
action ism. So, we first compute the probability of meeting an uninféqiayer in any
future period. Supposk-M | people are infected at the start of period.et sy = 1 — 7.

Current periodt: There are[rM| infected players. So the probability of meeting an
uninfected opponentid — r) = s.

Periodt+ 1: With probability at least — p, at least half the uninfected players got infected
in periodt and with probability at most, less than half the uninfected players got
infected. So, the probability of meeting an uninfected o in this period is, at
most,(1 — p)% + pso < 3 + Pso.

Periodt + 2: Similarly, the probability of meeting an uninfected oppahin period + 2

is, at most,

. (S0 S0 N ~ S0 N S0 .50 .9 1 A9
(L=p)(5 +05) (L =D +Pso) < 7 + 2D + D750 = s0(5 + D)

Periodt + 7: Probability of meeting an uninfected opponent in any fetperiod: + 7 is,
at most,so(5 + )"

So, we have

v(r, M)

= 2720 s0(z +9)m — (L= so(5+p) )< 372 s0(5 +p)'m
= SomZio(% +p)" =U,

Convergence of the series follows from the fact t@at p < 1. Clearly, forr > r,
v(7, M) < v(r, M), and hence (7, M) is uniformly bounde®, i.e., for eachv > r and
eachM € N, v(r, M) < U. O

13The upper bound obtained here is a very loose one. Noticednégion proceeds at a very high rate. In
the proof of Lemma 4, we showed that if the state of contagi@uch that number of infected people i,
the most likely state in the next period(&- —r2) M. This implies that the fraction of uninfected people goes
down from(1 —7)to (1 —2r—r?) = (1 —7)2. More generally, if we consider contagion evolving alonig th
path of “most likely” transitions fot consecutive periods, the number of uninfected people wgaldown
to (1 -— r)Qt, i.e., the contagion spreads at a highly exponential rate. Inqudat, this rate of convergence is
independent of\/.
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Proposition 7. Fix a gameG € ¢4. Then, there exist € (0,1) and M € N such that, for
eachr > r and eachM > M, a player who gets infected very late in the game will not
slow down the contagion, regardless of how patient he is.

Proof. Taker > % By Lemma 4, ifM is big enough, a player who gets infected late
in Phase Il believes that “with probability at least— ﬁ at leastr M people in each
community are infected”. Consider a continuation stratebgre he deviates and does not

play the Nash action.

i) With probability 1 — ﬁ at leastr M people are infected. So, with probability at least
r he meets an infected player, makes a loss of at lebgtnot playing Nash, and
does not slow down the contagion. With probability- » he gains at most. in the
current period and(r, M) in the future.

i) With probability ﬁ less thanr M people are infected, and the player’s gain is at
mostm in the current period and at most,//) in the future.

Hence, by Lemma 6, the gain from not playing the Nash actigtead of doing so is
bounded above by:

m+v(M) 1 _ M+m 1 o
T+(1—W)(—rl+(1—r)(m+v(M, r)) < W+(1—W)(—rl+(1—r)(m+U)).
The inequality follows from the facts thaf /) is finite and increases slower than the rate
of M and thatJ is a uniform bound fow(r, M) for anyr > % If M is large enough and

r is close to 1, the expression becomes negative. So theranseative to slow down the
contagion. O

Oncel is chosen, we pic’. T'is chosen large enough so that a buyer who is infected
in Phase | and knows that not all buyers were infected by tldeoériPhase | still has an
incentive to playB;, in Phase Il. This buyer knows that contagion will spread fi@hase
Il anyway, and playingB;, gives him a short-term gain in Phase Il 7ifis long enough,
she will want to playB,, in Phase Il. Because of the finitenessvof/), we can pickl’
such that the incentive constraint holds even for a pesfeettient buyer.

Next, we choos&. 7' must be chosen large enough so that i) a buyer infected irePhas
who has observed in most periods of Phase | believes that with high probabdit
buyers were infected during Phase |, ii) a seller infectel@hase Il believes that with high
probability at leasf\/ — 1 buyers were infected during Phase 1, iii) a seller who degat
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Phase | believes that, with high probability, he met all thgdrss in Phase |, and iv) players
infected in Phase Il believe with high probability that targh” people were infected by
the end of Phases | and II.

Finally, onceM, T, andT" have been chosen, we find the threshdlsuch that for
discount factorg > 9, players will not deviate on-path.

5 Discussion and Extensions

The main contribution of this paper lies in showing thathie tepeated anonymous random
matching setting, it is possible to sustain a wide range wbffiain equilibrium in a class of
games much beyond the PD. Moreover, we show that the ideasrohanity enforcement
can be applied to sustain such cooperation. The main godli®fection is to discuss
the versatility of the trust-building ideas we use here. Wavige intuition for the way
in which our approach might be used to get more general sesutth as a Nash-threats
folk theorem, or similar results when the role of each plageandomly assigned in each
period. We present these as conjectures, as the formalkprmafld require analysis similar
to what we have already developed without adding new insight

Note that throughout the paper we use symmetric strategyielsso get symmetric pay-
offs for players within a community. In the discussion belevihen we talk about the set
of equilibrium payoffs, we restrict attention to such syntrnogoayoffs, i.e., we do not con-
sider feasible payoff vectors where players of the same aamitgnget different payoffs.

5.1 Can we get a Folk Theorem?

Our strategies do not suffice to get a folk theorem for all gan&/. For a games € ¢
with strict Nash equilibriuna*, the set of equilibrium payoffs;,- does not include action
profiles where only one player is playing the Nash actipnFor instance, in the product
choice game, this means we cannot achieve payoffs cladeta;, —{) or (—I,1 — ¢).

However, we believe that the concept of trust-building that develop is powerful
enough to take us farther. We conjecture that it is possiabtain a Nash threats folk
theorem for two-player games by modifying our strategiethwle addition of further
trust-building phases. We do not prove a folk theorem heué hbpe that the informal
argument will illustrate how this may be done.

To fix ideas, let us restrict attention to the product choiaeng. Consider a feasible
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and individually rational target payoff that can be achebg playing short sequences of
(Qu, By) (10% of the time) alternating with longer sequences @f;, B.) (90% of the
time). It is not possible to sustain this payoff in Phase lithnour strategies. To see
why not, consider a long time window in Phase Il where thesprided action profile is
(Qu, Br). Suppose a buyer facég, for the first time in a period of this phase followed
by many periods of);;. Notice that since the action for a buyerRsg in this time window,
she cannot infect any sellers herself. So, with more and wiaservations of) 5, she will
ultimately get convinced that few people are infected. may not be optimal to keep
playing Nash any more. Contrast this with the original dinrawhere the target action is
(Qu, By). Inthat case, a player who gets infected starts infectiagegpk himself and so at
most, after) — 1 periods of infecting opponents, he is convinced that evezys infected.

What modification to our strategies might enable us to attese payoffs? We can use
additional trust-building phases. Consider a target daylodse that involves alternating
sequences afl) 4, By) for 17 periods and@ g, By ) for T, = %Tl periods. In the modified
equilibrium strategies, in Phase lll, the windows &fy, Br) and(Qy, By) will be sepa-
rated by trust-building phases. To illustrate, we startghme as before, with two phases:
T periods of(Qy, By) andT periods of(Q, By). In Phase Ill, players play the action
profile (Q g, By) for T} periods, followed by a new trust-building phaseldfperiods dur-
ing which (Q, By) is played. Then players switch to playing the sequenc&Xf, By)
for T, periods. The new phase is chosen to be short enaughT’ <« 7)) to have no
significant payoff consequences. Yet, it is chosen long gh@o that a player who is in-
fected during thd; period window but thinks that very few people are infected still
want to revert to Nash punishments to make short-term gairingithe new phas¥. We
conjecture that adding appropriate trust-building phaséke target payoff phase in this
way can guarantee that players have the incentive to ravétash punishments off-path
for any beliefs they may have about the number of peopleiefec

YFor example, think of a buyer who observes a triggering achio the first time in Phase IlI (while
playing(Q#, Br.)) and then observes only good behavior for a long time whitginaing to play(Q z, By).
Even if this buyer is convinced that very few people are itddcshe knows that the contagion has begun,
and ultimately her continuation payoff will become very I080o, if there is a long enough phase of playing
(Qr, Br) ahead, she will choose to revert to Nash because this is tbpimiest response, and would give
her at least some short-term gains.
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5.2 Interchangeable Populations

So far we have assumed that there are two independent coitiesune., each player
belongs either to Community 1 or to Community 2. Alterndiryeve could have assumed
that there is one population whose members are matchedrsipagvery period and, in
each match, the roles of players are randomly assigned.eAdttrt of every period, each
player has an equal probability of playing as Player 2 in the stage-game.

Afirstimplication of this alternative modeling is that a ia¢ige result like that of Propo-
sition 1 may not be true any mote.We believe that the trust-building ideas that underlie
this paper can be adapted to this new setting.

Suppose we want to get cooperation in the repeated protioatecgame when roles
are randomly assigned in each period. We conjecture thafotleeving version of our
strategies can be used to get as close as desired to thergffieigoff (1,1). There are
two phases. Phase | is the trust-building phase: selleys(®laand buyers play3y; the
important features of this profile being that i) only buyeasé an incentive to deviate and
ii) sellers are playing a Nash action. Phase Il is the targgofi phase andQy, By) is
played. Deviations are punished through Nash reversi@ngtis no delay in the punish-
ment now. The main difference now is that contagion alsos@kace in Phase I; whenever
an “infected” player is in the role of a buyer he will pl#3;, and spread the contagion, so
we do not have a single player infecting people in this phasés implies that we do not
need a second trust-building phase, since its primary gaalta give the infected buyers
the right incentives to “tell” the sellers that there hadrbaealeviation.

The arguments for the incentives would be very similar tos¢éhn the setting with
independent populations. After getting infected, a playeuld form his beliefs based on
the fact that a buyer deviated in period one and that punisbsi&ve been going on ever
since. Proving formally that players have the right inceggiafter all histories is a hard
exercise for which we cannot rely on the analysis of the iedéjent populations case. The
fact that players’ roles are not fixed has two main conseqsefar the analysis. First, the
contagion is not the same and a slightly different mathesabtibject would be needed to
model it. Second, the set of histories a player may have vbdevould depend on the roles
he played in the past periods, so it is harder to charactalip®ssible histories. We think
that this exercise would not add any new economic insights sa leave it as a conjecture.

15A buyer infected in period 1 might become a seller in periodh@ Ae might indeed have the right
incentives to punish.
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5.3 Alternative Systems of Beliefs

We assume that a player who observes a triggering actioeveslithat some player from
Community 1 deviated in the first period of the game. This ezsthat an infected player
thinks that the contagion has been spreading long enouglefter Phase |, almost every-
body is infected. It is easy to see that alternate (lessmeyassumptions on beliefs would
still have delivered this property. We work with this casamhafor tractability. Also, since
our equilibrium is based on communities building trust ia thitial phases of the game, it
is plausible that players regard deviations to be moreylikarlier rather than later.

Further, the assumption we make is a limiting one in the sdregdt yields the weak-
est bound onV/. With other assumptions, for a given gaiec ¢ and givenI’ and7,
the threshold population siz& required to sustain cooperation would be weakly greater
than the threshold we obtain. Why is this so? On observinmgering action, my belief
about the number of infected people is determined by twafactmy belief about when
the first deviation took place and the subsequent contagmeeps (described by the ma-
trices of transition probabilities). Formally, on gettinfected at period, my belief z*
can be expressed = ', u(7)y'(r), whereu(r) is the probability | assign to the first
deviation having occurred at periedandy’(7) is my belief about the number of people
infected if | know that the first deviation took place at pério Since contagion is not re-
versible, every elapsed period of contagion results in &iyegeater number of infected
people. Thus, my belief if I think the first infection occuiratt = 1, first order stochas-
tically dominates my belief if | think the first infection hpened later, at any > 1, i.e,,
For eachr, for eachk € {1,..., M}, 4i(r) > S°¥ 4!(1). Now consider any belief
7' that | might have had, with alternate assumptions on wheinktthe first deviation
occurred. This belief will be some convex combination/tfr), for - = 1,...,¢. Since
we know thaty’(1) first order stochastically dominate$(r) for any r > 1, it follows
that (1) will also first order stochastically dominagé. This in turn implies that with
most alternate belief assumptions we would have needeehstt kthe population size to be
larger in order to ensure that my limit beliefs in Phase IHigsed enough weight to a large
number of people being infected.

5.4 Stability and Robustness to Introduction of Noise

A desirable feature of an equilibrium could be global sigbiA globally stable equilib-
rium is one where after any finite history, play finally regeid cooperative play (Kandori

39



(1992)). The notion is appealing because it implies thahglsimistake does not entail
permanent reversion to punishments. The equilibrium haite fo satisfy this property.
However, global stability can be obtained if a public randzation device is introduced.
This is similar to Ellison (1994). The role of the randomiaatdevice would be to allow
for the possibility of restarting the game in any period haatlow but positive probability.

A related question is to see if the equilibrium can be susthin a model with some
noise. First note that since players have strict incentivegjuilibrium, our strategies are
robust to the introduction of some noise in the payoffs. Hmveif we consider a setting
where players make mistakes, or there is noisy observatiomess opponents’ actions, our
equilibrium is no longer robust. Consider a setting wheeg/@ls are constrained to make
mistakes (play an off-equilibrium action) with probabylat least: > 0 at every possible
history. We can ask if the equilibrium survives for smallOur construction is not robust
to this modification. The incentive compatibility of our atiegies crucially relies on the
fact that players believe that early deviations are morelyik If players make mistakes
with positive and equal probability in all periods, this pesty is lost. To see a particularly
problematic case, consider the following situation in thedpict choice game in a setting
with noise. If a buyer makes a mistake late in Phase Il, noanathat she does after that,
she will start phase Il knowing that not many people areaalyeinfected. Hence, if she
is very patient, it may be optimal for her to continue play fasn equilibrium path and
slow down the contagion. Suppose a seller observes a thigggetion in the last period of
Phase II. This seller will think that, it is very likely thatshopponent was uninfected and
has just made a mistake, and so will not punish. In this casther player reverts to Nash
punishments. This implies that a buyer may profitably dematthe last period of Phase
I, since her deviation would go unpunished.

5.5 Uncertainty about Calendar Time

In the equilibrium strategies here, players condition &iraon calendar time. On-path,
players in Community 1 switch their action in a coordinateslyvat the end of Phases |
and II. Off-path, players coordinate the start of the pumisht phase. The calendar time
and timing of phasesI{ andT) are commonly known and used to coordinate behavior.
Arguably, in modeling large communities, the need to switehavior with precise coordi-
nation is an unappealing feature. It may be interestinguestigate if cooperation can be
sustained if players were not sure about calendar time qoré@se time to switch actions.
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A complete analysis of this issue is beyond the scope of dgiep but we conjecture
that a modification of our strategies would be robust to tir@auction ofsmalluncertainty
about timing. The reader may refer to the Appendix Sectioh where we consider an
altered environment in which players are slightly uncertdout the timing of the different
phases. We conjecture equilibrium strategies in thisrggtéind provide the main intuition
behind why the efficient payoff might still be achieved.
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A Appendix

A.1 Properties of the Conditional Transition Matrices

In Section 4.2 we introduced a class of matrices, contagiatrioes, which turns out to
be very useful in analyzing the beliefs of players. Firsenbiat, since contagion matrices
are upper triangular, their eigenvalues correspond witdthgonal entries. Givene R,

let ||| == > icqy, sy 7i- We are often interested in the limit behavior f := %
whereC' is a contagion matrix andis a probability vector. We present below a few results
about this limit behavior. We distinguish three speciaktypf contagion matrices that will

deliver different limiting results.

-----

77777

Property C3: For eachl < k, C} satisfies C1 or C2.

Lemma A.l. Let C be a contagion matrix and let be its largest eigenvalue. Then, the
left eigenspace associated witthas dimension. That is, the geometric multiplicity of
is one, irrespective of its algebraic multiplicity.

Proof of Lemma A.1Let [ be the largest index such that = A > 0 and letz be a left
eigenvector associated with We claim that, for each < [, z; = 0. Suppose not and let
be the largest index smaller thasuch that:; £ 0. If ¢ < [— 1, we have that;,; = 0 and,
sincec; ;41 > 0, we get(zC);;; > 0, which contradicts that is an eigenvector associated
with \. If i =1 —1, then(zC); > ¢y +¢—1,2-1 > eyxy = Az, which, again, contradicts
thatz is an eigenvector associated withThen, we can restrict attention to matei;_).
Now, also) is the largest eigenvalue dty;_,) but, by definition ofl, only one diagonal
entry of C;—1) equals) and, hence, its multiplicity is one. Then,c R¥=(=1) js a left
eigenvector associated withfor matrix C;_y) if and only if (0,...,0,y) € R* is a left
eigenvector associated withfor matrix C. O

Given a contagion matrig’ with largest eigenvalu@, we denote byt the unique left
eigenvector associated withsuch that|z|| = 1.

Proposition A.1. LetC € M, be a contagion matrix satisfyin@1 or C2. Then, for each
nonnegative vectar € R* with 2; > 0, we havdim,_, ”j—g:” = . In particular, under
C2,z=(0,...,0,1).
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Proof of Proposition A.1 Clearly, sinceC' is a contagion matrix, it is large enough all
the components of’ are positive. Then, for the sake of exposition, we assunteathténe
components of are positive. We distinguish two cases.

C satisfies C1.In this case\ has multiplicityl. We show that, for each pairj €
{1,...,k}, limt_,ooz—g = ;"’—] Once this is established, the result immediately follones
the fact that, for each € N, ||z*|| = ||Z|| = 1. We already know that;C' = A%, where
A is the largest eigenvalue 6f. Then, the vectos can be written as = ax + v, where
v is a vector orthogonal td. Sincez is a nonnegative vector different frotnand all the

components of are positive;r andz are not orthogonal. Hence,> 0. Then,

C))i
C)h);

8

Eoo@Ch/|=Ct (2C);  Nady 4 (0C');  adi + (u(

b @O /xCHl (€Y Mad; + (0CY); oy + (o

J

8
> =

Since) is the largest eigenvalue 6f and has multiplicity one, as— oo, the second terms
in both the numerator and denominator vanish. Then the &stit— o is ;’—

C satisfies C2. We show that, for each < £, lim; .. 2! = 0. Wejprove this by
induction oni. Leti = 1. Then, for eacht € N,

t+1 t t t
X1 1121 1121 ﬂ

- t t — t
) D i<k CETE  ChrTy T T,

9

where the first inequality follows from the facts that ; > 0 andc¢;,_1, > 0 (C'is a
contagion matrix); the second inequality follows from C2ende, the ratiG;T'i is strictly
decreasing irt. Moreover, since all the componentsadflie in [0, 1], it is notkhard to see
that, as far as! is bounded away from, the speed at which the above ratio decreases is
also bounded away from® Therefore, we must havén, .., z} = 0. Suppose the claim
holds for each < j < k — 1. Now,

t+1 et et t t t
T Dt g T Ny ) LT > ay ]

t+1 t t o t t
T 2aakCRT CmT, G Ty G T

w&ﬁ | Q.HH-

t
Ckk Ty,

I<j

By the induction hypothesis, for ea¢h< j, the termj[f—iS can be made arbitrarily small for
k
large enouglt. Then, the first term in the above expression can be madeailyismall.

18Roughly speaking, this is because the statwill always get some probability from statevia the
intermediate states, and this probability will be boundedyafrom 0 as far as the probability of state 1 is
bounded away from 0.
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zt . . . .
Hence, it is easy to see that, for large enougihe ratio—+ is strictly decreasing in. As
k
above, this can only happenlifn, .., 2% = 0. O

Recall the matrices used to represent a player’s belieds hét observes history =
g...gb. At the beginning of Phase lll, the beliefs evolved accaydim matrices”’;; and
Sy, and late in Phase Ill, according @J. Note that these three matrices all satisfy the
conditions of the above proposition. This is what drives b 1 and 2 in the text. Con-
sider the truncated matri&*QJ that gave the transition of beliefs of a player who observes
historyh! = ¢...bg. This matrix also satisfies the conditions of the above psijom and
this suffices for Lemma 3.

Proposition A.2. Let C € M, be a contagion matrix satisfyingl and C3. Letz € R*
be a nonnegative vector. Thenyifs close enough t@0, ..., 0, 1), we have that, for each
teNandeach € {1,...,k}, ¢ 2t > S8

1=l =l "

Whenever two vectors are as and: above, we say that' first order stochastically
dominatest (in the sense of more people being infected).

Proof of Proposition A.2For eachi € {1...,k}, lete; denote the-th element of the
canonical basis iiR*. By C1,cy; is larger than any other diagonal entry®f Let i be the
unique left eigenvector associated with such thaf|z|| = 1. Clearly,z; > 0 and, hence,
{%,eq,...,e} is abasis irR*. With respect to this basis, the matrixlooks like

C11 0

Now we distinguish two cases.

C, satisfies C2.In this case we can apply Proposition A.1d8, to get that, for each
nonnegative vectay € R¥~! with y; > 0, lim,_, % = (0,...,0,1). Now, letz € R*
il

be the vector in the statement of this result. Simds very close tq0,...,0,1). Then,
using the above basis, it is clear that= ot + v, witha > 0 andv =~ (0,...,0,1). Let
t € N. Then, for eacht € N,

o t
. aCt Mot +0C* Nait + [[oC] ||zgt”

Al et l=C*]

i
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| = [Mai + [oC"|| 2 || and, since all the terms are positive,

leC|l = 1N o] [l#]] + [loC*| | B Ctll I'= (1Al + [[oC”]|
and, hence, we have theltis a convex combination af and llvgtl\ Sincev = (0,...,0,1)

and ||vgt|\ — (0,...,0,1), it is clear that, for each € N, oG] Ct” first order stochastlcally
dominatest in the sense of more people being infected. Therefore,zdlsall first order
stochastically dominate.

C satisfies C1By C1, the first diagonal entry @, is larger than any other diagonal
entry. Let? be the unique associated left eigenvector such|thdt = 1. It is easy to see
thatz? first order stochastically dominatgésthe reason is that?> andz are the limit of the
same contagion process with the only difference that the stavhich only one person has
been infected is known to have probabilityvhen using obtaining® from Cj,. Clearly,
I3 > 0and, hence{i, 72, es, . .., e, } is a basis iR*. With respect to this basis, the matrix

C'looks like

C11 0
0 | co
0 0 C(Q

Again, we can distinguish two cases.

e Cp, satisfies C2.In this case we can repeat the arguments above to show'that
is a convex combination of, 2 and Hzgzll' Since bothz2 and, ”C  first order
stochastically dominaté, alsoz! does.

e C, satisfies C1.Now we would get a vectar® and the procedure would continue
until a truncated matrix satisfies C2 or until we get a basisigénvectors, one of
them beingz and all the others first order stochastically dominatén both situa-
tions the result immediately follows from the above arguteen O

Note that the matriﬁa which gave the transition of beliefs of a player conditiooal
history h! = g...gbg late in the game, satisfies the conditions of the above pitipos
This property is useful in proving Proposition 6.
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A.2 Updating of Beliefs Conditional of Observed Histories

Suppose playerobserves historg'*! = ¢ ... gbg in Phase Ill, and we want to compute her
beliefs at period + 1 conditional on:/*+!, namelyz**'. Recall our method for computing
1, We first compute a set of intermediate beliefdor ¢t < ¢ + 1. For any periodr, we
computer” ! from 2™ by conditioning on the event that “| was uninfected in period 1”
and that 77! < M — 2" (Z* is the random variable representing the number of infected
people after period). We do not use the information that “I remained uninfectieraany
periodt with 7 + 1 < t < t". This information is added later period by periag., only
at periodt we add the information coming from the fact that “I was noerted at period
t". Below, we show that this method of computing beliefs is igglent to the standard
updating of beliefs conditioning on the entire history aten

Leta € {0,..., M —2} and leth!™ '+ denote thet+1+a)-period historyy . .. gbg ..
g. Recall thatU* denotes the event thais uninfected at the end of periad Let b, (g;)
denote the event that playgiacedb (¢) in periodt. We introduce some additional notation.

. Ii(f,z denotes the evernit< Z' < k, i.e., the number of infected people at the end of
periods is at leagtand at mosk:.

o Bl =1 ,NU"
o B =Bl NI NbT!

e Foreachd € {1,...,a — 1},

t+14
Efjl*ﬁ = E'gi‘ﬁ N Iﬁ+1,z\§—a+5+1 N gt+1+ﬁ

o Elflta . pttan gttlta — pt+lta

Let H' be a history of the contagion process up to petiodlet ' be the set of all7*
histories.H!. denotes the set afperiod histories of the stochastic process wtEre- k.
We sayH'*! = h'*! if history H*! implies that | observed histo/*!. Let: el
denote the event that stat&ansits to staté in periodt + 1 + 3, consistently withh!+1+e,
or equivalently, consistently with’1+5.

The probabilities of interest alB(Z* ' = k |pe414a) = P(Z7'H* = k| gii11a). We
want to show that we can obtain the probabilities afterl + o conditional onh!*1+ by
starting with the probabilities aftérconditional onE", and then let the contagion elapse
one more period at a time conditioning on the new informatian, adding the “local”
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information that playef observed; in the next period and that infected one more person.
Precisely, we want to show that, for eaéle {0,...,a},

X ) ZM P(i t+1+5 k:)P(IHﬁ — |Efjﬁ)
PT7 = k| groes) = t+1+3 '
ijl Zi:l P(i =" j)PI"P =i |Eé+ﬁ)

Fix 5 € {0,...,a}. For eachH!**8 ¢ H!+1+5 |et H!+1+55 denote the uniquél' ™’ ¢
H!+P that is compatible with7'*1+7 i.e, the restriction off!*1*” to the firstt + 3 pe-
riods. LetF+f .— {ﬁt+1+5 € HITHB . [tHli+8 Et+1+6} Let F1+6 — {ﬁt+1+ﬁ c
FIH6 . {146 ¢ 1iHH0L - Clearly, theF, ' sets define a “partition” of'*+# (one or
more sets in the partition might be empty). Ugf := {H'*'*6 ¢ Fl1+8 . Fi+1+6.0 ¢

”ﬁ} Clearly, also theFﬁ sets define a “partition” of''*#. Note that, for each pair
HFH {0 ¢ pIAP P P(HA Y | s) = P(H'P | 4,44,5). Denote this prob-
ability by P(F° t+1+5 F*%). Let|i "2 k| denote the number of ways in whicrcan
transition tok at periodt + 1 + 3 consistently withh! ™1™ or, equivalently, consistently
with EtH1+5 . Clearly, this number is independent of the history thattedpeople being
infected. Now,P(i "7 k) = P(FP "7 F1+0))i "7 k| Then,

P(Z—H_H_B =k ‘Eé+1+’8) =

_ Z P(Ht-i—l-i-ﬁ |EZ+1+ﬁ) = Z P(Ht+1+ﬁ |E&“+B)
HHlWEHff”ﬁ Ht+1+ﬁeFk1+ﬁ

B P(Ht+1+6 N Efjl*ﬁ) B 1 1118

o Z P(EtHHs - p Et+1+ﬁ) Z P(H )
Ht++Be Rl TP ( * ) ( @ Ht+1+Be FlHA

- t+1+ﬁ Z Z P(HHHB)

=1 g1+8eptPnEf?

_ Et+1+6 Z Z P(Ht+1+6 |Ht+1+ﬁ,ﬁ)P(Ht+1+ﬁ’6 |E(t¥+ﬁ)P(Eé+ﬁ)

=1 gt+1+8c I PnFf
M

P Et-i—ﬁ
_ ( ZP Fﬁ t+1+ﬁ F1+6) Z P(Ht+1+6,6 |Eg+ﬁ)’

t+1+6
P(Eq
( Ht+1+8¢F P nFf
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which equals

P(ELP) &
( ZP F@ t+1+6 F1+5)| t+1+6 /{5| Z P(

)

t+1+73
P(E ) Ht+ﬁ€7.{§+ﬁ
P(EL%) & 145 t+14+0
= g o P RIS P = i
P(ELP) M LS
- Y PG P i)

It is easy to see thab(E.7) = "1 P(ELA) S Pi " )P = i g8)
and the result follows.

Similar arguments apply to historiggt't® = ¢...gbg .~. where player observes
both ¢ andb in thea periods following the first triggering action.

A.3 Sequential Equilibrium - Consistency of Beliefs

In the construction of the equilibrium, we focused on segjakrationality of strategies.
Below we prove the consistency of beliefs. Recall our twaagstions on beliefs.

i) Assumption1: If a player observes a triggering action, then this playéebes that
some player in Community 1 (seller) deviated in the first getrof the game, and
after that, play has proceeded as prescribed by the seategi

i) Assumption 2: If a player observes a non-triggering action (in Phase En this
player believes that his opponent made a mistake.

iii) Assumption 3: If a player observes a history that is not consistent withegibf the
above beliefsdrroneous history he will think that the first triggering action was
by a seller in the first period of the game, and further, one arenof his opponents
in his earlier matches made a mistake. Indeed, this playlethink that there have
been as many mistakes by his past rivals as needed to exptamdtory at hand.
Erroneous histories include the following:

e A player observes an action in Phase Il or Ill, that is neitbet of the strict
Nash profilea*, nor an action that can be played in equilibrium.
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e A player who, after being certain that all the players in ttleeocommunity are
infected, faces an opponent who does not play the Nash aglimncan only
happen in Phase III).

Proof. Fix any playeri. Perturb the equilibrium strategies as follows. Eix 0 small. In
any period of the game, each player plays the prescribed equilibrittrarawith probabil-

ity (1—&), and plays the wrong action with probability We need to show that, given any
t-period private history off-path for playéras perturbations vanigh — 0), the strategies
converge to the prescribed equilibrium, and playbelieves that, with probability, the
first deviation occurred d@t= 1. Moreover, we require that this convergence in beliefs be
uniform int.

Consider a history.'", late in Phase lllff > T + T)) such that playef observes the
first triggering action at time*, i.e, h'" = g...gb. Denote any sequence of matches up
to periodt* by H"'. We sayH" = h'", to mean that the sequence of matchgs is
consistent with history:” being observed. Further, I1éf" (1) denote a realization of the
matching technology, that is consistent with the obsenistbty " = ¢ ... gb, and where
the first triggering action occurred at period Clearly, there exists a corresponding event
(sequence of matches), denoted[—ES?(r), that satisfies the following:

e The first triggering action occurred at 1,

e The two players who got infected at peribe- 1 were matched to each other in each
period until7, and

e The realized matches iH*" (7) andH" (1) are the same from periaduntil t*.

We first show that, conditional on observed histafy, playeri assigns arbitrarily higher
probability to the event"" (1) compared to the evedf’ (7).

P(A"(7)|h") _PH"(1)nA")  e(l =) "4 [T, 5 (1 —eHM] X
P(HY () [h*) — P(H" (1) Nh") (1 — )M [[]7Z5(1 — eb)M] g7

_ ) 12
(1—eryM-1Lly

where X is the probability of the event (matches) that was realizethfperiodr until ¢*
in the eventd?"" (7) and H" (7). The above expression simplifies to

1—e"TM—-11 1
l—e M M(EM)™
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Clearly, for a fixedM, the above expression goes to infinitysagoes to zero, uniformly
in 7. To summarize, we have shown above that, for any possibleeseg of matches
H' (1) that is consistent with the observed histéfy and where the first triggering action
occurred at some periad# 1, there exists a corresponding sequence of matéHes-)
which is also consistent with!", where the first triggering action occurredtat 1, and
that is arbitrarily more likely tharif*" (7). This implies in particular, that on observing a
triggering action, a player will assign arbitrarily highoability to the event that the first
deviation was by a seller in the first period of the game. Tord®g note that

*

* . * t* £
P(First dev. att=1|ht") P(First dev. at=1|h?") > 32 Xopt* oy t* () = pt* PH' (7))
P(First dev. at#1[h*") ZS—:Q ZHt* (r):H* (1) = ht* P(Ht* () — 23:2 ZHt* (7):Ht* (1) => nt* P(Ht* (7)) '

We know now that the above expression goes to infinity gees to zero, uniformly in
7. Consequently, playeron observing:!" assigns arbitrarily high probability to the first
deviation having occurred in the first period of the game.dyaimilar arguments can be
used for other histories’” with t* not late in Phase II. O

We omit here the proof for the cases covered by Assumptioasd3. As mentioned
earlier, to prove consistency in these cases, it sufficesgorae that infected players are
infinitely more likely to make mistakes than uninfected @esy Hence, if a player observes
an erroneous history, he will think that a player in Commyditdeviated in period 1 and
moreover other players have made mistakes.

A.4 Uncertainty about Calendar Time

In this section, we investigate what happens in a settindhichvplayers are not sure about
the calendar time or about the precise timing of the diffeprases. We conjecture that
a modification of our strategies would be robust to the initihn of small uncertainty
about timing. To provide some intuition for this conjectunee consider an altered envi-
ronment where players are slightly uncertain about thengnaif the different phases. For
the purpose of this example, we restrict attention to thelpectchoice game and try to
sustain a payoff arbitrarily close to the efficient outcofhgl ).

Given the product-choice game and community sizewe choosd” and1’ appropri-
ately. At the start of the game, each player receives an erignt, noisy but informative
signal about the timing of the trust-building phases (valoéT and 7). Each player
receives a signal; = (d;, A;, d;, A;), which is interpreted as follows. Playeon receiv-
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ing signalw; can bound the values &f and 7 with two intervals:i.e., she knows that

T € [d;,d; + A;] andT € [d;,d; + A;]. The signal generation process is described be-
low. The idea is that players are aware that there are two-buwikling phases followed
by the target payoff phase. Moreover, signals are infoweati that the two intervals are
non-overlapping and larger intervals (imprecise estisjadee less likely than smaller ones.

i) A, is drawn from a Poisson distribution with parameteand theni; is drawn from
the discrete uniform distribution ovéf’ — A;, 7 — A, +1,...,T]. If either1 or T
lie in the resulting intervald;, d; + A;], thenA; andd; are drawn again.

i) After A; andd; are drawn as abové\, is drawn from a Poisson distribution with
parametery. Finally, d; is drawn from the discrete uniform distribution m{é? —
A, T — A; +1,...,T). If the resulting intervald;, d; + A;] overlaps with the first
interval[d;, d; + A] (i.e.d; + A; € [d;, d; + A;]), thend; is redrawn.

In this setting, players are always uncertain about thé stdhe trust-building phases and
precise coordination is impossible. However, we conjecthat with a modification to our
strategies, sufficiently patient players will be able ta@tpayoffs arbitrarily close tol, 1),
if the uncertainty about timing is very small. We describbethe modified strategies.

Equilibrium play: Phase I: Consider any playerwith signalw; = (d;, A;, d;, A;). Dur-
ing the firstd; + A; periods, he plays the cooperative actiGh;(or By). Phase I:
During the nextl; — (di + A,) periods, he plays as if he were in Phasé.d, a seller
playsQ; and a buyet3;;. Phase IlI: For the rest of the gameéé., from periodd;
on), he plays the efficient actio®{ or By).

Off Equilibrium play: As before, a player can be in one of two moodsinfectedand
infected with the latter mood being irreversible. We define the mamdtle differ-
ently. At the beginning of the game all players are uninfécteny action (observed
or played) that is not consistent with play that can ariseati, given the signal
structure, is called a deviation. We classify deviatiorns two types. Deviations that
definitely entail a short-run loss for the deviating player eallednon-triggeringde-
viations (e.g. a buyer deviating in the first period of the ganf\ny other deviation
is called ariggeringdeviation {.e.,these are deviations that with positive probability
give the deviating player a short-run gain). A player whowaee of a triggering
deviation is said to be infected. Below, we specify off-ph#thavior. We do not
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completely specify play after all possible histories, b@t tvink the description be-
low will suffice to provide the intuition behind the conjectu

An uninfected player continues to play as if on-path. An atdéel player acts as
follows.

e Deviations observed befode+A;: A buyeri who gets infected before peridg
switches to her Nash action forever at some period betweamdd; + A, when
she believes that enough buyers are infected and have atehastk Note that
buyers cannot get infected betweérandd; + A,;, since any action observed
during this period is consistent with equilibrium playe(a seller;j playing@,,
attimet € [d;, d; + A;] may have received a signal such that- A; = t).

A selleri who facesB; before periodd;, ignores it (this is a non-triggering
deviation, as the buyer must still be in Phase I, which melaaisthe deviation
entails a short-term loss for her). If a seller obsem®gdetween periodé,— and
d; + A;, he will switch to Nash immediately.

e Deviations observed betwedn+ A, + 1 andd;: A player who gets infected in
the intervalld; + A; + 1, d;] will switch to Nash forever from period;. Note
that buyers who observ@y ignore such deviations as they are non-triggering.

e Deviations observed aftet: A player who gets infected aftel; switches to
the Nash action immediately and forever.

We argue below why these strategies can constitute an lequih by analyzing some
important historiesincentives of players on-path: If triggering deviations are definitely
detected and punished by Nash reversion, then, for suffigipatient players, the short-
run gain from a deviation will be less than the long-term lwspayoff from starting the
contagion. So, we need to check that all deviations are wetdthough, possibly with
probability< 1 in this setting), and that the resultant punishment thaiggéred is enough
to deter the deviation.

e Seller: deviates (plays);) att = 1. With probability 1, his opponent will detect
the deviation, and ultimately his payoffs will drop to a véow level. A sufficiently
patient player will therefore not deviate.

e Selleri deviates aR < ¢ < d; + A;: With positive probability, his opponenthas
d; > t, and will detect the deviation and punish him. But, becatdskeouncertainty
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about the values df and7’, with positive probability, the deviation goes undetected
and unpunished. The probability of detection depends otinie of the deviation
(detection is more likely earlier than later, because eamlymost players are outside
their first interval). So, the deviation gives the seller abrourrent gain with prob-
ability 1, but a large future loss (from punishment) with probabildégs than 1. If
the uncertainty abouf and7 is small enoughi(e., signals are very precise), then
the probability of detection (and future loss) will be higkor a sufficiently patient
player, the current gain will then be outweighed by the eigxbtuture loss.

o Selleri deviates (plays);) at¢ > d;: With positive probability, his opponenthas
signald; = d;, and will detect the deviation.

¢ All deviations by buyers (playing,) are detected, sindB;, is never consistent with
equilibrium play. If a buyer plays a triggering deviatid#),, she knows that with
probability 1, her opponent will start punishing immediately. The buyéntentives
in this case are exactly as in the setting without uncestakdr appropriately chosen
T andT’, buyers will not deviate on-path.

Optimality of Nash reversion off-path: Now, because players are uncertain about the
true values of” and7’, there are periods when they cannot distinguish betwesititegum
play and deviations. We need to consider histories wherayepkan observe a triggering
deviation, and check that it is optimal for him to start pinnents.

We assume that players on observing a deviation believestimaé seller deviated in
the first period of the game. This assumption on beliefs sdahesame purpose as before,
i.e., conditional on observing a deviation, when it is time tatgtdaying the Nash action,
players will think that enough people are already infectedtie Nash action to be optimal.

First, consider incentives of a seller We argue that a seller who deviatestat 1
will find it optimal to continue deviating. Further, a selleého gets infected by a triggering
deviation at any other period will find it optimal to revertnmediately to the Nash action.

e Suppose seller deviates at = 1, and plays),. He knows that his opponent will
switch to the Nash action at most at the end of her first intéolese to the trug’
with high probability), and the contagion will spread expatially from some period
close to the trué +7'. Thus, if selleri is sufficiently patient, his continuation payoff
will drop to a very low level aftefl” + T, regardless of his play in his Phase | (until
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periodd; + A;). Therefore, for a givel/, if 7" is large enough (and s + A, is
large), the optimal continuation strategy for sellevill be to continue playing); .

e Selleri observes a triggering deviation &f;: If a seller observes a triggering de-
viation of B;, by a buyer (in Phase Il), he thinks that the first deviationuoed at
period1, and by now all buyers are infected. Since, his play will haveegligible
effect on the contagion process, it is optimal to pday.

Now, consider the incentives of a buyer.

e Buyeri observes), at1 < ¢t < d;: This must be a triggering deviation. A sellgr
should switch ta;, only at the end of his first intervali{ + A;), and this cannot be
the case, because then, the tfugoes not lie in players first interval. On observing
this triggering deviation, the buyer believes that the filestiation occurred at= 1
and the contagion has been spreading since then. Consbkrskatwill switch to her
Nash action forever at some period betwéeandd; + A; when she begins believing
that enough other buyers are infected and have switchedlb@twseeasily seen that
at worst, buye¥ will switch at periodd; + A;.).

e Buyeri observeg); att > d; + A;. Sincei is at the end of her second interval, she
knows that every rival must have started his second inteaval should be playing
®py. SO, this is a triggering deviation. She believes that tis¢ dieviation occurred at
t = 1, and so most players must be infected by now. This will maksehNaversion
optimal for her.

Note that in any other period, buyers cannot distinguishvéatien from equilibrium play.

i) Any action observed by buyerin her first interval i(e.for ¢ such thatd, < ¢t <
d; + A;) is consistent with equilibrium play. A sellgrplayingQy could have got
signaldj > t, and a seller playin@; could have got signaij + Aj <t.

i) Any action observed by buyébetween her two intervalé.att such thatl,+ A; <
t < d;) is consistent with equilibrium playy;, is consistent with a sellerwho got
d; + A; < t,andQy is consistent with a seller with signal such that d; + A,;.

iii) Any action observed by buyerwithin her second intervai.e.at¢ such thati; <
t < d; + A,) is consistent with equilibrium playy; is consistent with a sellerwho
gotd; > t (sayd; = d; + A;), andQy is consistent with a seller with signal such
thatdj < t (sayj got the same signal as buy@r
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